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I-DENSITY CONTINUOUS FUNCTIONS ix

Abstract: The I-density topology is a generalization of the ordinary density
topology to the setting of category instead of measure. This work involves func-
tions which are continuous when combinations of the I-density, deep-I-density,
density and ordinary topology are used on the domain and range. In the process
of examining these functions, the I-density and deep-I-density topologies are
deeply explored and the properties of these function classes as semigroups are
considered.
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Introduction

A persistent area of study in real analysis during the last half century is an
effort to explain the striking parallels between two sets of theorems on the real
line: those concerned only with sets of measure zero and those concerned only
with sets of the first category. Indeed, a general rule of thumb seems to be that
the following “substitutions” can be made in many theorems to result in another
theorem.

sets of measure zero
measurable sets

measurable functions

 ←→


first category sets
Baire sets
Baire functions

An excellent overview containing many examples of this is contained in the book
Measure and Category by J. C. Oxtoby [55].

A natural question to ask is whether this parallel can be extended to a larger
class of sets. The major stumbling block in any such attempt seems to be the
Lebesgue Density Theorem, which has no obvious parallel in the category sense.
To see the difficulty here, recall that a point a is a Lebesgue density point of the
measurable set A if, and only if,

lim
h→0+

m((a− h, a + h) ∩A)
2h

= 1,

where m(S) is the Lebesgue measure of the set S. From this definition, one
can see that a is a density point of A if, in some sense, the set A dynamically
becomes of full measure nearby a as h → 0+. Until recently, there was no clear
parallel whereby A could “become full” in the category sense nearby a; a set is
either first or second category–there is no middle ground. This changed in 1985
when W. Wilczyński [68, 57] introduced a category analogue of density which
he called “I-density.”

Krzysztof Ciesielski was partially supported by a West Virginia University Foun-
dation grant supplemented by the West Virginia University College of Arts and
Sciences. Lee Larson and Krzysztof Ostaszewski received support from the Uni-
versity of Louisville.
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Lebesgue density plays a central role in the study of real functions, usually in
the form of approximate limits and the density topology. The density topology
consists of all sets S ⊂ R such that every point of S is a density point of
S. The limit induced by this topology is the approximate limit. Wilczyński
used these ideas to introduce the I-density topology and the I-approximate
limit, which have many properties in common with the ordinary density topology
and ordinary approximate limit. Since then, many other papers by Wilczyński
and others have appeared, exploring the parallels and differences between the
ordinary case and the category case more fully in the I-density setting. Most of
those papers are listed in the bibliography at the end of this work.1

In fact, this work began with our efforts to extend some recent theorems
concerning the ordinary density topology to the I-density topology. These theo-
rems concern what we call density continuous functions; i.e., functions f : R → R

which are continuous when both the domain and range are given the density
topology. Such functions are quite badly behaved and our exploration of their
properties in the ordinary case requires delicate arguments. The correspond-
ing I-density continuous functions proved even more difficult to handle, and
new facts about the I-density topology were needed to complete our objectives.
These new facts opened up new avenues of investigation, which required new
facts . . . So, in that sense, this work is a “tale that grew in the telling.”2

We expect readers of this work to have a thorough knowledge of basic analysis
and topology on the real line. Much of this material is covered in the monograph
by Bruckner [7]. Given the nature of the material, this understanding must, of
course, include a comfortable familiarity with Lebesgue measure and the Baire
category theorem. In addition to this, we have included lengthy discussions of
several lesser-known topics which are used to motivate our work on the I-den-
sity topology, such as the ordinary density topology, approximately continuous
functions and density continuous functions. However, much of this material is
stated without proof. Places where the proofs can be found are referenced.

Chapter 1 is a catch-all for material leading up to the definition of I-den-
sity. It begins with a short section on an early, but náıve attempt to generalize
the approximate limit to the category case, called the qualitative limit. The
next three sections contain a brief overview of the standard facts about ordinary
density which are needed in later chapters. In these sections most of the theorems
are stated without proof. Those which are proved are usually done so either
because the proof is different from the standard one, or because it sheds light on
a corresponding proof in the I-density case given in Chapter 2. Chapter 1 ends
with the introduction of the very general J -topologies on the real line. Some
theorems and examples show in a somewhat startling way how much care must

1Credit for particular results is given in bibliography sections at the end of each chapter
and sometimes in the text of the chapter.

2Borrowed from J. R. R. Tolkien.
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be taken when defining these topologies.

Chapter 2 is devoted to proving the basic parallels between the I-density
topology and the ordinary density topology. It begins with some useful technical
lemmas which are applied heavily in later sections. The first six sections contain
a reasonably complete survey of everything known to date about the I-density
topology and I-approximately continuous functions, including a number of new
theorems. Everything is proved, even when the proposition has already been
proved elsewhere.

A deficiency of the I-density topology is that, unlike the ordinary density
topology, it is not completely regular. This problem is examined in Section 2.6
with the introduction of the deep-I-density-topology, a topology which is coarser
than the I-density topology and is completely regular. Section 2.6 also contains
a short proof of the fact that the I-density topology is not generated.

Section 2.4 is interesting in its own right as an alternative method, introduced
by L. Zaj́ıček [72], of viewing the I-density topologies from the viewpoint of
porosity. This porosity definition is not used very much in the later chapters,
but we consider it an excellent tool for obtaining an intuitive understanding of
the structure of I-density open sets.

Chapter 2 ends with a presentation of the relationships between the ordinary,
density, I-density and deep-I-density topologies.

In Chapter 3, we finally begin the study promised in the title to this work.
I-density continuous functions, deep-I-density-continuous functions and I-den-
sity preserving homeomorphisms are deeply examined. Virtually all properties
known about the functions in the corresponding ordinary case are extended to the
category case, when possible, and counter examples are given showing the limits
of the parallel between the ordinary and category cases. The chapter contains
an exhaustive examination of the containment relationships between the various
classes of continuous functions studied here. Of particular note is the deep study
of I-density continuous and I-density preserving homeomorphisms contained in
Sections 2 and 3 and the Baire classification methods in Section 5.

The purpose of Chapter 4 is to consider the semigroup properties of several
function classes introduced earlier. The basic question treated in this chapter
is whether any of the function classes introduced earlier, which also happen to
be semigroups under the composition operation, have the inner automorphism
property. In the process of doing this, some of the natural subsemigroups of
these spaces are also considered. In particular, the consequences of requiring the
functions in these classes to also be differentiable, approximately differentiable,
I-approximately differentiable or homeomorphisms are examined. This material
has interest in the general theory of topological semigroups because of the result
from Chapter 2 that the I-density topology is not generated. The spaces consid-
ered in Chapter 4 provide some of the few known examples of richly structured
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semigroups of continuous functions f : X → X, where the underlying topologi-
cal space X is not generated, but the semigroups have the inner automorphism
property.

There are people and institutions which should be thanked for helping us
with our work on this manuscript. Michael Evans and Clifford Weil examined
the manuscript at a late stage and offered valuable suggestions.

The referee did an admirable job in ferreting out our errors and making valu-
able suggestions. We give him much thanks for performing an often thankless
service so well.



CHAPTER 1

The Ordinary Density Topology

1.1. A Simple Category Topology

In studying the behavior of real functions, it is often helpful to redefine the
concept of limit in such a way that sets which are “small” in some sense can be
ignored. As a simple example, let Q be the set of rational numbers and f : R → R

be a real function. If

i− lim
y→x

f(y) = lim
y→x,y/∈Q

f(y)

exists, then i− limy→x f(y) is the irrational limit of f at x. With this limit, the
rational numbers are the small set which is ignored. Of course, the definition of
irrational continuity is natural from this definition.

To gain some insight into what is happening with limits like this, it is useful
to generalize this idea to a topological setting.

A nonempty family J ⊂ P(X) of subsets of X is an ideal on X if A ⊂ B and
B ∈ J imply that A ∈ J and if A∪B ∈ J provided A,B ∈ J . An ideal J on X

is said to be a σ-ideal on X if
⋃

n∈N An ∈ J for every family {An : n ∈ N} ⊂ J .1

Let J be an ideal on R and TO be the ordinary topology on R. The set

T (J ) = {G \ J : G ∈ TO, J ∈ J }

is a topology on R which is finer than TO. The following proposition is evident
from the definitions.

Proposition 1.1.1. Let J be a σ-ideal on R and T (J ) be as above. For
f : (R, T (J )) → (R, TO) and x0 ∈ R the following statements are equivalent to
each other.

(i): f is continuous at x0.
(ii): Given ε > 0 there is a δ > 0 such that

{x ∈ (x0 − δ, x0 + δ) : |f(x)− f(x0)| ≥ ε} ∈ J .

1For more information on ideals see [33].

1
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(iii): There exists a J ∈ J such that

f(x0) = lim
x→x0,x/∈J

f(x).

The continuity given by Proposition 1.1.1 is called J -continuity. As the fol-
lowing easy examples show, J -continuity can be used to define irrational conti-
nuity and ordinary continuity.

Example 1.1.2. If P(Q) is the power set of Q, then P(Q)-continuity is the
same as irrational continuity.

Example 1.1.3. If J = {∅}, then J -continuity is just ordinary continuity.

For the following theorem, some new terminology is needed. Let J be an
ideal of subsets of R. A proposition is said to be true J -a.e. if the set of points
at which it does not hold is a member of J ; more formally, a Boolean function
P is true J -a.e. if, and only if,

{x : ¬P (x)} ∈ J .

Theorem 1.1.4. Let J be a σ-ideal and f : R → R. The following statements
are equivalent.

(i): The function f is J -continuous J -a.e.
(ii): There exists a set K ∈ J such that the restricted function f |Kc is
continuous.

Furthermore, if the ideal J contains no interval, then the following statement is
equivalent to (i) and (ii)

(iii): There exists a function g : R → R such that f = g J -a.e. and g

is continuous in the ordinary sense J -a.e.

Proof. The fact that (ii) implies (i) is obvious. Suppose (i) is true and let
f be J -continuous on a set M = Jc for J ∈ J . For each n ∈ N and x ∈ M ,
by Proposition 1.1.1(ii) there is an open interval I(n, x) and a J(n, x) ∈ J such
that

x ∈ I(n, x) \ J(n, x) ⊂ f−1((f(x)− 1/n, f(x) + 1/n)).

For each fixed n, there must be a countable sequence xn,m ∈ M such that

M ⊂
⋃
m∈N

I(n, xn,m).

Let
K = J ∪

⋃
n,m∈N

J(n, xn,m) ∈ J .

If x ∈ Kc and ε > 0, then there must exist natural numbers n and m such that
2/n < ε and x ∈ I(n, xn,m). Then |f(x)− f(xn,m)| < 1/n so that

f(x) ∈ (f(xn,m)− 1/n, f(xn,m) + 1/n) ⊂ (f(x)− ε, f(x) + ε)
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and

I(n, xn,m) ∩Kc ⊂ f−1((f(x)− ε, f(x) + ε)).

Hence, f |Kc is continuous at x.
To prove the last part of the theorem, note first that (iii) implies (ii) even

without the restriction that J contains no interval. Now suppose that J contains
no interval and that f,K are as in (ii). Define

G(x) = lim sup
t→x,t∈Kc

f(t)(1)

and

g(x) =

{
G(x) when G(x) is finite,

f(x) otherwise.
(2)

In particular, it follows from (ii) that f |Kc = g|Kc . Let x ∈ Kc and ε > 0.
According to (ii) there is a δ > 0 such that

|g(y)− g(x)| = |f(y)− f(x)| < ε/2(3)

whenever y ∈ (x− δ, x + δ)∩Kc. If z ∈ (x− δ, x + δ)∩K, then the assumption
that K can contain no nonempty open set implies the existence of a sequence

{zn : n ∈ N} ⊂ (x− δ, x + δ) ∩Kc

such that f(zn) → G(z). Hence, by (3), G(z) is finite, so g(z) = G(z) and
|g(z)− g(x)| ≤ ε/2 < ε. Therefore, g is continuous at x.

The following example is interesting in light of the previous theorem.

Example 1.1.5. Let I be the σ-ideal consisting of all first category subsets of
R. I-continuity is often called qualitative continuity [26]. It is well-known in
this case that f is a Baire function if, and only if, f is qualitatively continuous
I-a.e.

In particular, combining Example 1.1.5 with Theorem 1.1.4 yields the follow-
ing well-known corollary, which will be useful in the sequel.

Corollary 1.1.6. Let f : R → R. The following statements are equivalent.
(i): f is a Baire function.
(ii): There exists a residual set K such that f |K is continuous.2

(iii): f is qualitatively continuous I-a.e.

In the case of Lebesgue measure, the following is true.

2A set is residual if its complement is first category. This is often called comeager.
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Example 1.1.7. If J = N , the σ-ideal of Lebesgue measure zero sets, then
N -continuity corresponds to what is sometimes called measure continuity. There
are measurable functions which are not N -continuous a.e. An easy example of
this is the characteristic function of a nowhere dense perfect set with positive
measure.

If condition (i) in Theorem 1.1.4 is strengthened to everywhere, the following
corollary results.

Corollary 1.1.8. Let J be a σ-ideal which contains no nonempty open set.
A function f : R → R is continuous everywhere if, and only if, it is J -continuous
everywhere.

Proof. If f is continuous, then it is clearly J -continuous. So, suppose f is
J -continuous everywhere, x0 ∈ R and ε > 0. Using Proposition 1.1.1(ii), there
must be an ordinary open neighborhood G0 of x0 such that

F0 = {x ∈ G0 : |f(x)− f(x0)| > ε} ∈ J .

Suppose there is an x1 ∈ F0. Choose δ > 0 such that

δ < |f(x1)− f(x0)| − ε.

As before, there exists an ordinary open neighborhood G1 ⊂ G0 of x1 such that

F1 = {x ∈ G1 : |f(x1)− f(x)| > δ} ∈ J .

It is clear that G1 ⊂ F0 ∪ F1 ∈ J , because |f(x1) − f(x0)| > ε + δ. But, this
implies J contains a nonempty open set, which contradicts the condition placed
on J in the statement of the corollary. This contradiction shows that F0 = ∅.

The preceding corollary demonstrates that global J -continuity may not be a
very useful concept. In particular, it is worthwhile noting for future reference
that global I-continuity and global N -continuity are no different than ordinary
continuity.

In the remainder of this work, we will introduce refinements of the ordinary
topology which are strictly finer than the T (J ) topologies introduced above.
These topologies are defined similarly to the ordinary density topology and have
a rich and complicated structure which is still not fully understood. In particular,
the functions continuous with respect to these topologies on the domain and
the range are not necessarily continuous in the ordinary sense. The primary
purpose of this book is to study the continuity properties of functions with
respect to two of these fine topologies, the I-density topology and the deep-I-
density topology. In the process of this investigation, many properties of both
topologies are presented.

Since many of the propositions concerning the I-density topology and the
deep-I-density topology are motivated by similar results concerning the ordinary
density topology, the next few sections are devoted to an overview of standard



I-DENSITY CONTINUOUS FUNCTIONS 5

facts concerning that topology. Much of this material is not proved, although
the proofs can be found in several standard sources [7, 28, 70]. Finally, near
the end of this chapter, the definition of abstract density topologies is given.

1.2. Definition of the Density Topology

If A is a subset of the reals, we denote its inner (outer, ordinary) Lebesgue
measure by mi(A) (mo(A), m(A)). Let L stand for the family of Lebesgue
measurable subsets of R and let N denote the ideal of subsets of R with Lebesgue
measure zero. A number x, not necessarily in A, is a density point of A if

lim
h→0+

mi(A ∩ (x− h, x + h))
2h

= 1.(4)

This definition is often made more tractible by the following proposition.

Proposition 1.2.1. Let A ⊂ R. Equation ( 4) holds if, and only if,

lim
n→∞

mi(A ∩ (x− 1
n , x + 1

n ))
2/n

= 1.(5)

Proof. It is obvious that (4) implies (5). For simplicity we prove the opposite
implication only for x = 0. Let hn < 1 be any sequence of positive numbers
converging to 0. For each n, let

hn = max{1/k : k ∈ N, 1/k ≤ hn}

and
hn = min{1/k : k ∈ N, 1/k ≥ hn}.

It is easy to see that limn→∞ hn/hn = 1 = limn→∞ hn/hn. The proposition is
now an immediate consequence of (5) and

hn

hn

mi(A ∩ (−hn, hn))
2hn

≤ mi(A ∩ (−hn, hn))
2hn

≤ hn

hn

mi(A ∩ (−hn, hn))
2hn

.

We let ΦN (A) be the set of all density points of A ⊂ R. It is a consequence
of the Lebesgue Density Theorem [64, p. 107] that a set A is measurable if, and
only if, almost every point of A is a density point of A. Therefore, whenever A

is measurable, then so is ΦN (A) and m(A�ΦN (A)) = 0.3

Let TN = {A ⊂ R : A ⊂ ΦN (A)}.

Theorem 1.2.2. TN is a topology on R. Further, if A ∈ TN , then A is
Lebesgue measurable; i.e.,

TN = {A ∈ L : A ⊂ ΦN (A)} ⊂ L.

3A�B = (A ∪ B) \ (A ∩ B) is the symmetric difference between A and B.
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Proof. It is obvious that ∅,R ∈ TN and that TN is closed under arbitrary
unions. It is also easy to see that TN is closed under finite intersections. There-
fore, TN is a topology on R.

To show TN ⊂ L, let A ⊂ R be such that A ⊂ ΦN (A). For x ∈ A and n ∈ N

let Fn
x ⊂ A be an Fσ set such that

m(Fn
x ∩ (x− 1

n
, x +

1
n

)) = mi(A ∩ (x− 1
n
, x +

1
n

)).

Then, Fx =
⋃

n∈N Fn
x is an Fσ set such that x is a density point of Fx. Construct,

by transfinite induction on ζ < Ω, the first uncountable ordinal number, an
increasing sequence {Fζ : ζ < Ω} of Fσ subsets of A such that for ζ < Ω

Fζ = Fx ∪
⋃
ξ<ζ

Fξ

provided there exists an x ∈ A such that m(Fx \
⋃

ξ<ζ Fξ) > 0 and put Fζ =⋃
ξ<ζ Fξ otherwise. Notice, that there exists η < Ω such that Fη = Fξ for every

η ≤ ξ < Ω, since otherwise we would have an uncountable family {Fζ+1\Fζ : ζ <

Ω} of pairwise disjoint subsets of R with positive measure. Hence, m(Fx\Fη) = 0
for every x ∈ A. But this means that x ∈ ΦN (Fx) ⊂ ΦN (Fη) for every x ∈ A;
i.e., Fη ⊂ A ⊂ ΦN (Fη). But, by the Lebesgue Density Theorem, ΦN (Fη) ∈ L
and m(ΦN (Fη) \ Fη) = 0. So A is Lebesgue measurable.

TN is called the density topology on R. The following theorem summarizes
some of its properties.

Theorem 1.2.3. The topology TN on R has the following properties:
(i): TO ⊂ TN [31] and the inclusion is proper; in particular TN is Haus-
dorff [29];

(ii): a subset C of R is closed and discrete with respect to TN if, and
only if, C ∈ N [61];

(iii): TN is neither separable [61] nor does it have has the Lindelöf
property [29];

(iv): TN is completely regular, but not normal [28];
(v): every subinterval of R is connected in TN [29];
(vi): a set A is compact with respect to TN if, and only if, it is finite
[61];

(vii): TN is not generated4 [11]; and,
(viii): if the Continuum Hypothesis holds, then (R, TN ) is not a Blum-
berg space5 [65].

4A topological space X is said to be generated provided the family

{
(
f−1({x})

)c
: x ∈ X and f : X → X is continuous}

forms a subbase for X. (See Chapter 4.)
5A topological space X is Blumberg if for every function f : X → R there exists a dense set

D ⊂ X such that f |D is continuous [63, 65].
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Properties (vii) and (viii) of the density topology often serve as counterexam-
ples in general topology. In particular, the property that the density topology
is not generated is especially interesting in conjunction with the fact that the
semigroup of its continuous selfmaps has the inner automorphism property [54].
This particular topic will be explored more fully in Chapter 4.

For use in Chapter 2, it is desirable to reformulate the definition of the density
topology in a radically different, but equivalent manner. To do this let us consider
the following sequence of equivalences for a measurable set A [57].

(A): 0 is a density point of A;
(B): limn→∞

m(A∩(−1/n,1/n))
2/n = 1;

(C): limn→∞ m(nA ∩ (−1, 1)) = 2;
(D): χ

nA∩(−1,1) converges to χ
(−1,1) in measure; and,

(E): for every increasing sequence {nm}m∈N of natural numbers there
exists a subsequence {nmp}p∈N such that

lim
p→∞

χ
nmpA∩(−1,1) = χ

(−1,1) a.e.

The equivalences (A)–(D) are straightforward.
The equivalence of (D) and (E) follows from a well-known theorem of Riesz

concerning convergence in measure (often called stochastic convergence) [2, The-
orem 2.11.6].

The equivalence from Proposition 1.2.1 can be used to slightly generalize these
five statements to the following equivalences.

(A): 0 is a density point of A;
(B′): for every sequence {tn}n∈N of positive numbers diverging to infin-
ity

lim
n→∞

m(A ∩ (−1/tn, 1/tn))
2/tn

= 1;

(C′): for every sequence {tn}n∈N of positive numbers diverging to in-
finity

lim
n→∞

m(tnA ∩ (−1, 1)) = 2;

(D′): for every sequence {tn}n∈N of positive numbers diverging to in-
finity

χ
tnA∩(−1,1) converges to χ

(−1,1) in measure; and,

(E′): for every sequence {tn}n∈N of positive numbers diverging to infin-
ity there exists a subsequence {tnp

}p∈N such that

lim
p→∞

χ
tnpA∩(−1,1) = χ

(−1,1) a.e.

Using the translation invariance of Lebesgue measure, the same sequences of
equivalences can be rewritten for any density point of A.
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It is important to note that we argued for equivalence of (A), (E) and (E′)
only in the case of measurable sets. It will be seen in Section 1.5 that for general
sets this equivalence is false.

The significance of the equivalences of (E) and (E′) with (A) is that it clearly
shows the measure function itself is not vital to the definition of a density point.
What are needed is the σ-algebra L of measurable sets and the σ-ideal N of
measure zero sets. We will return to this idea in Section 1.5. Right now, some
more properties of the density topology will be examined.

1.3. Approximate Continuity

Using the various combinations of TO and TN on the domain and range, there
are four different ways that a function f : R → R can be continuous. Of course,
the most studied is when the ordinary topology is used on both the domain
and the range, giving ordinary continuity. The class of all ordinary continuous
functions will be denoted by COO. It is straightforward to show that if the
density topology is put on the range and the ordinary topology is put on the
domain, then only the constant functions are continuous.6 If both the domain
and range have the density topology, we have density continuity, which is the
topic of Section 1.4. The remaining case is when the ordinary topology is used
on the range and the density topology is used on the domain. Any function
continuous under this setting is approximately continuous. The collection of all
functions f : R → R which are approximately continuous is denoted as CNO.

The notion of approximate continuity was introduced by Denjoy in 1915 [24],
surprisingly, several decades before the density topology was introduced. Denjoy
said that a function f is approximately continuous at a point x if given any ε > 0,
x is a density point of

{t ∈ R : f(t) ∈ (f(x)− ε, f(x) + ε)}.

His definition implies the existence of a density neighborhood U of x such that
f |U is continuous at x. It allows one to ignore a set which has density 0 at x.
It is also easy to see from this definition that every continuous function is ap-
proximately continuous. The construction of functions which are approximately
continuous, but not continuous is relatively easy as can be seen from Example
3.6.4, so the inclusion COO ⊂ CNO is proper.

The following theorem contains some of the most important properties of CNO
[7].

Theorem 1.3.1. Following are some of the properties of CNO.
(i): CNO is closed under pointwise addition and multiplication.

6If f : (R, TO) → (R, TN ) is continuous and a < b, then f([a, b]) must be a nonempty
compact and connected set with respect to TN . Parts (v) and (vi) of Theorem 1.2.3 show that
f([a, b]) is a single point. (See also Theorem 3.8.2.)
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(ii): CNO is closed under uniform convergence; hence, the bounded app-
roximately continuous functions form a Banach space.

(iii): If f ∈ CNO, then f is a Darboux function of the first Baire class.
(iv): Every bounded approximately continuous function is a derivative.

Approximate continuity has proved especially useful in the study of derivatives
and integrals. The deep study by Z. Zahorski [70] of the derivatives of real
functions is based around the twin ideas of approximate continuity and density
points. (Also see [7].)

Let Fm stand for the collection of measurable functions f : R → R. Theo-
rem 1.3.1(iii) shows that CNO ⊂ Fm. It is easy to see that this inclusion is
proper. The following theorem, due to Lusin, gives the full relationship between
approximate continuity and Fm [7, Theorem 5.2, p. 19].

Theorem 1.3.2. A function f ∈ Fm if, and only if, it is approximately con-
tinuous almost everywhere.

1.4. Density Continuity

Recall that a function f : R → R is density continuous, if it is continuous with
respect to the density topology on the domain and the range. We denote the class
of density continuous functions f : R → R by CNN . Since the density topology
is finer than the ordinary topology, it is immediate that CNN ⊂ CNO. The
containment is proper, and density continuity is apparently a much more delicate
notion than approximate continuity. This statement is strikingly demonstrated
by the following example [13, 8].

Example 1.4.1. There is a C∞ function which is not in CNN .

There are several differences which make the density continuous functions
more intractible than the approximately continuous functions. For example,
CNN is not closed under uniform convergence [54] (this follows immediately
from Example 1.4.1 and Theorem 1.4.3, given below) or pointwise addition. In
fact, there is a C∞ density continuous function f such that f(x)+x is not density
continuous [13, 8].

Some positive things can be proved about CNN . For example, since approxi-
mately continuous functions are Darboux and in the first Baire class, so are the
functions in CNN . This shows that every density continuous function must be
continuous on a residual set.

This result has been improved in the following manner.
In an effort to generalize a well-known characterization of the Baire 1 func-

tions, O’Malley [51] introduced the notion of a Baire*1 function. He defined a
function f to be in Baire*1 if for every perfect set P , there exists a portion7

7That is, a nonempty set of the form (a, b) ∩ P .
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Q of P such that f |Q is continuous. An equivalent notion, denoted [CG], and
known as generalized continuity, was used also by Ellis [25].

It is well-known that a function f is in Baire 1 if, and only if, for every perfect
set P , the restricted function f |P has a point of continuity [7]. The Baire*1
functions are clearly Baire 1 functions. It also follows from the definition of
Baire*1 that every Baire*1 function is continuous on a dense open set. The class
of the Darboux Baire*1 functions will be denoted by DB∗

1 .
We have the following theorem [21].

Theorem 1.4.2. CNN ⊂ DB∗
1.

The relationship between the density continuous functions and the continuous
functions is somewhat difficult. It follows from Example 1.4.1 that COO �⊂ CNN .
It is also not difficult to see that CNN �⊂ COO. As noted above, every density
continuous function is continuous on a dense open set. But, it turns out that
if the continuous functions on [0, 1] are endowed with the uniform metric, then
CNN ∩COO is a first category subset of this Banach space. In fact, CNN with the
uniform metric turns out to be first category in itself. (See Theorem 3.7.5(N8).)
Furthermore, it can be proved that the “typical” continuous function8 is nowhere
density continuous [21]. Nevertheless, it can be shown that several familiar
classes of functions are density continuous. Consider the following theorem [13].

Theorem 1.4.3. If f is convex on an interval (a, b), then f is density contin-
uous on (a, b). In particular, polynomials and real analytic functions are density
continuous.

Another class of density continuous functions is obtained by the following
[6, 13].

Theorem 1.4.4. If h is a homeomorphism such that h and h−1 fulfill a local
Lipschitz condition, then h and h−1 are density continuous.

All density continuous functions obtained from the above theorems are piece-
wise monotone. The existence of nowhere monotone density continuous function
is a consequence of the following example [20].

Example 1.4.5. The first coordinate of the classical Peano area-filling curve
is continuous, density continuous and nowhere approximately differentiable.

8A subset of a Baire topological space is “typical”, if its complement is first category.
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1.5. Abstract Density Topologies

Let us now return to the idea introduced at the end of Section 1.2. We use
this idea to introduce an entire class of fine topologies on R exhibiting behavior
which is more complicated than the standard density topology.

As before, let N denote the ideal of Lebesgue null sets. The sequence of
equivalences at the end of Section 1.2 shows that the Lebesgue density points
can be defined using only N and not the full machinery of Lebesgue measure
theory. This leads us to the following definitions, which are meant to mimic the
situation with ordinary density points.

Let J be an ideal of subsets of R. If fn is a sequence of real-valued functions,
we say that fn converges (J ) to a function f , if for every subsequence fnp of
fn, there exists a further subsequence fnpq

such that fnpq
converges pointwise

to f J -a.e. In the case when J = N and all functions fn are equal outside of
some set of finite measure, this is the usual notion of stochastic convergence, or
convergence in measure.

A point a is a J -density point of a set S ⊂ R if χn(S−a)∩(−1,1) converges (J )
to χ

(−1,1). We let ΦJ (S) denote the set of all J -density points of the set S.
In this way we have defined a J -density which is analogous to ordinary

Lebesgue density. In fact, when the ideal J is taken to be the ideal of Lebesgue
null sets, N , and the set S is measurable, we saw in Section 1.2 that the J -
density points are precisely the points of ordinary Lebesgue density. To continue
the analogy, let

T ′
J = {S ⊂ R : S ⊂ ΦJ (S)}.

It is quite easy to see that the family T ′
J is a topology on R and that in the case

J = N , it contains the ordinary density topology; i.e., that TN ⊂ T ′
N .

At this point, one might suspect that the analogy will continue and that the
properties of T ′

J could be developed very naturally along the same lines as the
ordinary density topology. The following example shows this is not the case [19].

Example 1.5.1. There exists a nonmeasurable set A ⊂ R, which does not
have the Baire property, such that limn→∞ χ

n(A−a)∩(−1,1) = χ
(−1,1) for every

a ∈ A.

Proof. Let B be a Hamel basis which is also a Bernstein set; i.e., a linear
basis of R over Q, such that B intersects every nonempty perfect set.9 For x ∈ R

let ρ′(x) =
∑n

i=1 |αi| where x = α1b1 + α2b2 + . . . + αnbn is the representation
of x in the base B. Define

A = {x ∈ R : ρ′(x) < s},

9To construct such a basis B = {bζ : ζ < c}, it is enough to define it by transfinite induction
on ζ. We can simply choose bζ from Pζ \ Q({bξ : ξ < ζ}), where {Pζ : ζ < c} is a fixed
enumeration of the nonempty perfect subsets of R and Q({bξ : ξ < ζ}) stands for the subfield
of R generated by {bξ : ξ < ζ}. Compare also [32].
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where s ∈ (1/2, 1) is any irrational number. Obviously, if P �= ∅ is perfect, then
2P �= ∅ is also perfect, so B intersects 2P and 1

2B intersects P . But,

1
2
B ⊂ A,

so that A intersects every nonempty perfect set. Also, B ⊂ R \A, and thus the
complement of A also intersects every nonempty perfect set. This proves that A

is neither Lebesgue measurable, nor does it have the Baire property.
Let a ∈ A. We will prove that

lim
n→∞

χ
n(A−a)∩(−1,1) = χ

(−1,1)

everywhere.
Let x ∈ (−1, 1). There is a natural number n0 such that

1
n
x + a ∈ A

for all n ≥ n0, n ∈ N. In fact, for x = β1b1 + β2b2 + . . . + βkbk and a =
α1b1 + α2b2 + . . . + αkbk it suffices to choose n0 such that

k∑
i=1

|αi|+
1
n0

k∑
i=1

|βi| < s.

Then, for every n ≥ n0,

x = n

((
1
n
x + a

)
− a

)
∈ n(A− a).

This ends the proof.

Let O = {∅}, the empty ideal. Using the notation of the previous proof, it is
easy to see that, by the irrationality of s, the complement Ac of A satisfies the
same condition as A in the above example. Thus

Corollary 1.5.2. Let J be an arbitrary ideal. There exists a nonmeasurable
set A ⊂ R, which does not have the Baire property, such that A,Ac ∈ T ′

O ⊂ T ′
J .

In particular, T ′
J is disconnected.

The set A in the previous example is a “universal” open and closed set in
all the topologies T ′

J as defined above. In particular, it allows us to conclude
TN �= T ′

N .
So the logical question is, why is it avoided in the ordinary density topology?

A careful reading of the equivalences used in Section 1.2 shows that those equiv-
alences are only valid when the set is assumed to be Lebesgue measurable. Thus,
the ordinary density topology consists of all sets S such that S ⊂ ΦN (S) and S

is measurable, which excludes the set defined in Example 1.5.1. Theorem 1.2.2
shows that this restriction to measurable sets is a consequence of the normal
definition of the density topology, contained in (4), but it is lost with the more
general approach, based on ideals.
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The problem with the analogy extends even more deeply than this with the
fact that, in a sense, Proposition 1.2.1 may also fail. To see this, let {tn} be
any sequence of positive numbers diverging to infinity. For any S ⊂ R, define
ΨJ (S, {tn}) to be the set of all a ∈ S such that χ

tn(S−a)∩(−1,1) converges (J )
to χ

(−1,1). Then, set

ΨJ (S) =
⋂
{tn}

ΨJ (S, {tn}),

where the intersection is over all sequences {tn} of positive numbers diverging
to infinity. It is not hard to show that

T ′′
J = {S ⊂ R : S ⊂ ΨJ (S)} ⊂ T ′

J

is a topology on R. This is termed an abstract J -density topology.

Example 1.5.3. There exists a nonmeasurable set A ⊂ R, which does not
have the Baire property,such that A ⊂ ΨIc(A), where Ic is the ideal of all sets
of cardinality less than c, the cardinality of the continuum.

Proof. Let B = {bζ+1 : ζ < c} be a transcendental base of R over Q such
that B intersects every perfect set.10 For ξ < c let Kξ be the algebraic closure
of {bζ : ζ < ξ} in R and let Bξ be a linear base of Kξ+1 over Kξ containing 1
and bξ. For a ∈ Kξ+1 \Kξ let ρ′′(a) = |α0|, where a = α0b

ξ + α1b1 + . . . + αkbk
is the representation of a in the base Bξ. Note that if x ∈ Kξ and y /∈ Kξ, then
ρ′′(x + y) = ρ′′(y).

Define A = {a ∈ R : ρ′′(a) < 1}. As in Example 1.5.1,

1
2
B ⊂ A and B ⊂ R \A,

so that A is neither measurable, nor does it have the Baire property.
Let a ∈ A and let {tn}n∈N be an increasing sequence diverging to infinity. Let

ξ < c be such that a, tn ∈ Kξ for every n ∈ N. We have card(Kξ) < c. It suffices
to show that for every x ∈ (−1, 1) \Kξ

lim
n→∞

χ
tn(A−a)∩(−1,1)(x) = χ

(−1,1)(x) = 1.

It is enough to show that x ∈ tn(A − a) for all but finitely many n. This is
equivalent to the fact that

x

tn
+ a ∈ A.

But
1
tn

∈ Kξ,

so that
x

tn
/∈ Kξ,

10For the definition of a transcendental base see [37]. The additional requirements are
obtained in the same way as described in the footnote for Theorem 1.5.1.
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and a ∈ Kξ. Therefore

ρ′′
(

x

tn
+ a

)
= ρ′′

(
x

tn

)
=

ρ′′(x)
|tn|

.

If we choose n ∈ N such that
1
|tn|

< 1,

then x ∈ tn(A− a). This finishes the proof.

In the next chapters we will study these kinds of topologies for the ideal I of
sets of the first category. In particular, the above Example implies

Corollary 1.5.4. If either the Continuum Hypothesis, or Martin’s Axiom is
assumed, then there is a nonmeasurable set A without the Baire property such
that A ⊂ ΨI(A) ∩ΨN (A).

Proof. If the Continuum Hypothesis holds, then

Ic ≡ {B : card(B) < c} = {B : card(B) ≤ ℵ0} ⊂ I ∩ N .

Martin’s Axiom also implies Ic ⊂ I ∩N . (See [35].)

The above example shows that the topology T ′′
J does not behave as well as the

ordinary density topology, even when J = N . Thus, to obtain a good analogy,
we must refine the definition somewhat. However, the topologies T ′′

J perhaps
deserve closer scrutiny. For example the following open problems seem to be
interesting.

Problem 1.5.5. Are the topologies T ′
I , T ′

N , T ′′
I and T ′′

N on R regular? com-
pletely regular? normal?

Problem 1.5.6. Are the topologies T ′′
I and T ′′

N disconnected?

To obtain the desired refinement of T ′′
J and T ′

J let us notice that

TN = T ′′
N ∩ L = T ′

N ∩ L.

This suggests that the J -topology TJ should be defined as

TJ = T ′′
J ∩ SJ

for some family SJ of subsets of R. The problem with this definition is how to
correctly choose the family SJ for the given ideal J . Our choice should at least
guarantee that the family

TJ = T ′′
J ∩ SJ is a topology on R.(6)

It would also be very desirable to have the equation

TJ = T ′
J ∩ SJ .(7)
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We will see in the next chapters that for the ideal I of sets of the first category,
the family SI = B of sets with the Baire property leads to the satisfaction of
both conditions (6) and (7). Moreover, the qualitative topology TQ is strictly
contained in TI . However, for a general ideal J , finding the natural and non-
trivial family SJ satisfying conditions (6) and (7) could be very difficult, if not
impossible.

The easiest example showing these difficulties comes from the ordinary topol-
ogy TO, for which it is easy to see that

TO = T ′′
O .

But, there is a decreasing sequence S converging to 0 such that Sc ∈ T ′
O [19].

This implies that
T ′
O ∩ Fσ ∩Gδ �⊂ TO = T ′′

O .

However, to see how bad things can be, let us consider the ideal Iω of countable
subsets of R. In Lemma 2.1.8 we will prove the existence of a perfect set C such
that for every x ∈ C the set {x} ∪ Cc ∈ T ′′

Iω
. Thus, the topology generated by

T ′′
Iω

∩ Fσ ∩Gδ contains non-Borel sets. To make things worse we can construct,
with a little bit of effort, a perfect set P with 0 ∈ P ⊂ [0, 1], such that {0}∪P c ∈
T ′
Iω

\ T ′′
Iω

[19, Theorem 3]. Hence,

T ′
Iω

∩ Fσ ∩Gδ �⊂ T ′′
Iω

.

Problem 1.5.7. Is it possible to prove, without additional set theoretical as-
sumptions, that T ′′

I �= TI and T ′′
N �= TN ?

1.6. Historical and Bibliographic Notes

The qualitative limit was defined by Marcus [47] in 1953. A deeper study of
this notion was done by Evans and Larson [26] in 1983. In particular, this last
paper contains the proof of Corollary 1.1.8 in the case when J = I. A form
of Theorem 1.1.4 is given by Kuratowski [36] in the case when J = I. The
topologies T (N ) and T (I) were also studied by Hashimoto [30] in 1976.

The class of approximately continuous functionswas defined by Denjoy [24] as
early as 1915. It was also extensively studied by Zahorski [70] in 1950 as part of
his deep work on the ordinary derivative. In Zahorski’s work, the approximately
continuous functions correspond to his class M5.

It was not until 1952 that the density topology was defined by Haupt and
Pauc [31] in a paper which seems to have had almost no impact. The first
real study of the density topology dates from the 1961 paper of Goffman and
Waterman [29]. Other important contributions can be found in the papers of
Goffman, Neugebauer and Nishiura [28] and Tall [61].

Density continuity is a more recent concept. Bruckner [6] and Niewiarowski
[50] discuss homeomorphic changes of variable which preserve approximate con-
tinuity. Such changes of variable must be density continuous, but neither author
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directly addresses density continuity in general. Bruckner does prove that a
homeomorphism h such that both h and h−1 satisfy a local Lipschitz condition
is density continuous. Density continuity was explicitly introduced in Query
1 of the first issue of the Real Analysis Exchange. Later, in response to the
query, Maly [46] showed that the first coordinate of the classical Peano curve
is a density continuous function which does not satisfy Lusin’s condition (N).
Ostaszewski [52, 53] studied the local behavior of density continuous functions
and called them d-continuous. It seems that the term density continuity was first
used in a letter from David Preiss to Krzysztof Ostaszewski. More recent deeper
investigations of density continuity are also available [11, 18, 13, 21, 54].

The equivalence of conditions (A) and (E) from Section 1.2 and the abstract
definition of J -density points are due to Wilczyński [57, 66].

Essentially all results from Section 1.4 were proved by Ciesielski, Larson and
Ostaszewski in papers [13, 20, 21, 54] as marked in the text. Some of these
results were also proved independently by Burke in [8].

Essentially all the results from Section 1.5 were proved by Ciesielski and Lar-
son in [19]. An example similar to that from Corollary 1.5.4 could be also found
in the 1984 paper [67] of Wilczyński. The subject of [67] is similar to that of
[19], however both papers were written independently.



CHAPTER 2

Category Analogues of the Density Topology

In this chapter, the definitions of the I-density and deep-I-density topologies
are introduced. Parallels between these topologies and the ordinary density
topology are explored, and the topological properties of the I-density topologies
are examined.

2.1. J -density and J -dispersion Points.

Let J be an ideal of subsets of R. As in Section 1.5 we say that a point a

is a J -density point of a set A ⊂ R if χ
n(A−a)∩(−1,1) converges (J ) to χ

(−1,1);
i.e., for each increasing sequence {nm}m∈N of natural numbers there exists a
subsequence {nmp}p∈N with the property that

lim
p→∞

χ
nmp (A−a)∩(−1,1) = χ

(−1,1), J -a.e.

We let ΦJ (A) denote the set of all J -density points of the set A.
Similarly, we say that a point a is a strong J -density point of a set A ⊂ R if for

every sequence {tn}n∈N of positive numbers diverging to infinity, χtn(A−a)∩(−1,1)

converges (J ) to χ
(−1,1); i.e., for every sequence {tn}n∈N of positive numbers

diverging to infinity there exists a subsequence {tnp
}p∈N such that

lim
p→∞

χ
tnp (A−a)∩(−1,1) = χ

(−1,1), J -a.e.

A point a is a (strong) J -dispersion point of A ⊂ R if, and only if, it is a
(strong) J -density point of Ac.

For technical reasons it will often be convenient to use unilateral versions of
the definitions given above. So, for example, we say that a is a right J -density
point of A ⊂ R if, and only if, for each increasing sequence {nm}m∈N of natural
numbers there exists a subsequence {nmp}p∈N such that

lim
p→∞

χ
nmp (A−a)∩[0,1) = χ

[0,1), J -a.e.

The definitions of a point a being a left J -density point, strong right J -density
point and strong left J -density point of A are similar.

17
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Notice that the definition of a non-zero number a being a (strong) J -density
or (strong) J -dispersion point of A ⊂ R is just a translation of the definition at
0. Thus, in many proofs involving these notions, it suffices to consider only the
case when a = 0.

The following is an easy, but useful characterization of the fact that 0 is a
J -density point.

Lemma 2.1.1. Let J be an ideal of subsets of R and let A ⊂ R. Then 0 is a
J -density point of A if, and only if, for every increasing sequence {nm}m∈N of
natural numbers there is a subsequence {nmp

}p∈N such that

(−1, 1) ∩ (
⋃
q∈N

⋂
p≥q

nmpA)c = (−1, 1) ∩ (lim inf
p→∞

nmpA)c ∈ J .

The next Lemma is a dual version of Lemma 2.1.1 and the definitions given
above.

Lemma 2.1.2. Let J be an ideal of subsets of R and let B ⊂ R. The following
are equivalent:

(i): 0 is a J -dispersion point of B;
(ii): for every increasing sequence {nm}m∈N of natural numbers there
exists a subsequence {nmp

}p∈N such that

lim
p→∞

χ
(nmpB)∩(−1,1) = 0, J -a.e.;

(iii): for every increasing sequence {nm}m∈N of natural numbers there
exists a subsequence {nmp}p∈N such that

(−1, 1) ∩
⋂
q∈N

⋃
p≥q

nmpB = (−1, 1) ∩ lim sup
p→∞

(nmpB) ∈ J .

The lemmas given above can be restated substituting strong J -density and
strong J -dispersion points in place of the J -density and J -dispersion points
used above. In particular, the following lemma, analogous to Lemma 2.1.2(iii)
will be needed.

Lemma 2.1.3. Let J be an ideal of subsets of R and let B ⊂ R. Then 0 is
a strong J -dispersion point of B if, and only if, for every sequence {tn}n∈N of
positive numbers diverging to infinity there exists a subsequence {tnp}p∈N such
that

(−1, 1) ∩
⋂
q∈N

⋃
p≥q

tnpB = (−1, 1) ∩ lim sup
p→∞

(tnpB) ∈ J .

To find nontrivial (strong) J -density and (strong) J -dispersion points, the
following definitions are needed.

Either of the sets
⋃

n∈N(an, bn) or
⋃

n∈N[an, bn] is a right interval set at a
point a ∈ R if bn+1 < an < bn for n ∈ N and limn→∞ an = a. In the case when
a = 0 it is simply called a right interval set. A left interval set at a point a ∈ R
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is defined in the same way. The set E is an interval set if it is the union of a
right interval set and a left interval set at the same point.

Notice that if E =
⋃

n∈N[an, bn] is an interval set at the point a, then int (E) =⋃
n∈N(an, bn) and

E�int (E) = E \ int (E) = {a1, a2, . . . ; b1, b2, . . . } ∈ Iω.

In particular, if J is an ideal of subsets of R such that Iω ⊂ J , then a point
a is a J -density (J -dispersion, strong J -density, strong J -dispersion) point of
E if, and only if, it is a J -density (J -dispersion, strong J -density, strong J -
dispersion, respectively) point of int (E). Thus, all the results proved below for
interval sets consisting of closed intervals,

⋃
n∈N[an, bn], are also true for those

consisting of open intervals,
⋃

n∈N(an, bn).

Lemma 2.1.4. Suppose that J is an ideal of subsets of R such that Iω ⊂ J .
If

E =
⋃
n∈N

[an, bn]

is a right interval set such that
(i): limn→∞ (bn − an)/an = 0, and
(ii): lim supn→∞ bn+1/an = c ∈ [0, 1),

then 0 is a strong J -dispersion point of E. In particular, Ec ∈ T ′′
J .

Proof. Let {tn}n∈N be a divergent increasing sequence of positive numbers
and define

in = min{k : tnak ∈ (0, 1]}.(8)

Since the sequence {tnain : n ∈ N} is bounded, it must contain a convergent
subsequence. There is no generality lost with the assumption that

lim
n→∞

tnain = α0 ∈ [0, 1].(9)

Using (i) and (8) it is apparent that

lim sup
n→∞

tnE ∩ (α0, 1) = ∅.(10)

(If α0 = 1, then (α0, 1) = ∅.) If α0 = 0, combining (10) with Lemma 2.1.3
immediately shows that 0 is a J -dispersion point of E. So, assume that α0 �= 0.

According to (ii) there exists a γ1 ∈ [0, c] such that

lim sup
n→∞

bin+1/ain = γ1.

Then

lim sup
n→∞

tnbin+1 = lim sup
n→∞

tnain
bin+1

ain
= γ1α0 < α0.
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Therefore, there is an increasing sequence of natural numbers {n(1, k) : k ∈ N}
such that

lim
k→∞

tn(1,k)bin(1,k)+1 = γ1α0.(11)

Let α1 = γ1α0. In light of (i), it is clear that, in addition,

lim
k→∞

tn(1,k)ain(1,k)+1 = α1.

Equations (9) and (11) imply that

lim sup
k→∞

tn(1,k)E ∩ (α1, α0) = ∅.(12)

Assume that for some natural number m there exists an αm ∈ (0, α0) and an
increasing sequence n(m, k) of natural numbers such that

lim
k→∞

tn(m,k)ain(m,k)+m = αm.(13)

Applying (ii) and (i) precisely as above, yields a subsequence n(m + 1, k) of
n(m, k) and a constant γm+1 ∈ [0, c] such that

lim
k→∞

tn(m+1,k)ain(m+1,k)+m+1 = γm+1αm = αm+1.

and

lim sup
k→∞

tn(m+1,k)E ∩ (αm+1, αm) = ∅.(14)

In this way we have inductively defined a nonincreasing sequence of numbers
{αk : k ∈ N} ⊂ [0, α0) and a collection of increasing sequences of natural numbers
{n(j, k) : j, k ∈ N} with {n(j + 1, k) : k ∈ N} ⊂ {n(j, k) : k ∈ N} for all j ∈ N.
It is clear from the definition that αk ≤ α0Πk

j=1γj ≤ α0c
k. Hence

lim
k→∞

αk = 0.

Let sk = tn(k,k). From (10) and (14), a more-or-less standard diagonal argu-
ment shows that

lim sup
k→∞

skE ∩ (0, 1) ⊂ {ak : k ∈ N} ∈ Iω ⊂ J .

Now, an application of Lemma 2.1.3 finishes the proof.

The preceding lemma is used many times in the following chapters, but usu-
ally it is used with the condition that the limit supremum in (ii) actually exists
as a limit and is 0. It provides a very powerful technique for constructing coun-
terexamples.

Corollary 2.1.5. Let J be an ideal of subsets of R such that Iω ⊂ J . Then
(i): there is a right interval set E =

⋃
n∈N[an, bn] such that 0 is a strong

J -dispersion point of E;
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(ii): there is an open interval set U such that 0 is a strong J -density
point of U ; in particular, {0} ∪ U ∈ T ′′

J .

Proof. (i). By Lemma 2.1.4 it is enough to define

bn =
1

(n + 1)!
and an =

n + 1
n + 2

bn.

(ii). Evidently 0 is a strong right J -density point of D = (0,∞) \ E. Thus
U = −D ∪D has 0 as a strong J -density point.

The next two lemmas are easy consequences of Lemma 2.1.4.

Lemma 2.1.6. Let J be an ideal of subsets of R such that Iω ⊂ J . Moreover,
let {cn}n∈N be a decreasing sequence of positive numbers converging to zero and,
for each n ∈ N, let (an, bn) be an open interval centered at cn. If

lim
n→∞

cn+1

cn
= 0 and lim

n→∞
bn − an

cn
= 0,

then 0 is a strong J -dispersion point of⋃
n∈N

[an, bn].

Proof. Since cn = (an + bn)/2 for all n, (i) and (ii) from Lemma 2.1.4 can
be established with a short calculation.

Lemma 2.1.7. Suppose that J is an ideal of subsets of R such that Iω ⊂ J .
If

⋃
n∈N[an, bn] is a right interval set with

lim
n→∞

(bn − an)
bn

= 0,

then there exists an increasing sequence {nm}m∈N of natural numbers such that
0 is a strong J -dispersion point of⋃

m∈N

[anm
, bnm

].

Proof. It suffices to choose {nm}m∈N in such a way that {anm}m∈N satisfies
(ii) of Lemma 2.1.4; i.e., such that limm→∞ bnm+1/anm

= 0.

We finish this section with the following

Lemma 2.1.8. Let J be an ideal of subsets of R such that Iω ⊂ J . There
exists a perfect set C such that for every x ∈ C there is an interval set E at x

with the property that C ⊂ E∪{x} and x is a strong J -dispersion point of E. In
particular, {x} ∪ Cc ∈ T ′′

J for every x ∈ C. Therefore, C is closed and discrete
with respect to T ′′

J .
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Proof. We define by induction on n a decreasing sequence of closed sets
{Cn}n∈N such that each Cn consists of 2n pairwise disjoint closed subintervals
of [0, 1] of equal length. Put C0 = [0, 1]. To form Cn+1 from Cn we remove
from every component interval [a, b] of Cn the open interval (c, d) with the same
center and such that

d− c

b− a
=

(n + 2)!− 1
(n + 2)!

.

Put C =
⋂

n∈N Cn.
It is not difficult to check that for every x ∈ C there is a right interval set

Er ⊃ C ∩ (x, 1] at x that satisfies the assumptions of Lemma 2.1.4. Thus,
x is a strong J -dispersion point of Er. Similarly, we can find a left interval
set El ⊃ C ∩ [0, x) at x for which x is a strong J -dispersion point. The set
E = Er ∪ El has the desired property.

2.2. I-density and I-dispersion Points.

In this section, I-density and I-dispersion points for sets with the Baire prop-
erty are studied. We begin with some well-known properties which connect the
collection B of sets with the Baire property to the ideal I of first category subsets
of R. For their proofs see [36] or [55].

Lemma 2.2.1. For E ⊂ R, the condition E ∈ B is equivalent to any of the
following:

(i): E = G�P , where G is open and P ∈ I;
(ii): E = F�Q, where F is closed and Q ∈ I;
(iii): E = K ∪ P , where K is a Gδ set and P ∈ I; and,
(iv): E = L \Q, where L is an Fσ set and Q ∈ I.

An open subset G of R is regular if G = int (cl (G)). If we assume that the
open set in the first part of Lemma 2.2.1 is regular, then the decomposition given
there is unique ([55, Theorem 4.6]). This is, in fact, true in any Baire topological
space. For E ∈ B, let Ẽ denote this unique regular open set. Note that ˜̃E = Ẽ,
and the class of regular open sets is a complete Boolean algebra [34].

Now let I0 stand for the ideal of nowhere dense subsets of R. The following
theorem is one of the most important technical tools of this work. In the theorem
{tn} always denotes a sequence {tn}n∈N of positive numbers diverging to infinity
and {nk} is always an increasing sequence {nk}k∈N of natural numbers.

Theorem 2.2.2. Let B ∈ B. The condition that 0 is an I-dispersion point of
B is equivalent to any of the following:

(i): for every sequence {tn} there exists a subsequence {tnk
} such that

lim sup
k→∞

(
tnk

B̃
)
∩ (−1, 1) ∈ I0;
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(ii): for every sequence {tn} there exists a subsequence {tnk
} such that

lim sup
k→∞

(
tnk

B̃
)
∩ (−1, 1) ∈ I;

(iii): for every sequence {tn} there exists a subsequence {tnk
} such that

lim sup
k→∞

(tnk
B) ∩ (−1, 1) ∈ I;

(iv): for every sequence {nk} there exists a subsequence {nkp
} such that

lim sup
p→∞

(
nkp

B
)
∩ (−1, 1) ∈ I;

(v): for every sequence {nk} there exists a subsequence {nkp
} such that

lim sup
p→∞

(
nkp

B̃
)
∩ (−1, 1) ∈ I;

(vi): for every sequence {nk} there exists a subsequence {nkp} such that

lim sup
p→∞

(
nkpB̃

)
∩ (−1, 1) ∈ I0;

(vii): for every nonempty interval (a, b) ⊂ (−1, 1) there exists a number
ε > 0 and n0 ∈ N such that for every n ≥ n0 there is an interval
(c, d) ⊂ (a, b) with the properties that

|d− c| > ε and (c, d) ∩ nB̃ = ∅;

(viii): for every sequence {nk} and any nonempty open interval (a, b) ⊂
(−1, 1) there exists a nonempty subinterval (c, d) ⊂ (a, b) and a subse-
quence {nkp

} such that for every p ∈ N

(c, d) ∩ nkp
B̃ = ∅;

(ix): for every sequence {tn} and every nondegenerate open interval
(a, b) ⊂ (−1, 1) there exists a nonempty subinterval (c, d) ⊂ (a, b) and
a subsequence {tnk

} such that for every k ∈ N

(c, d) ∩ tnk
B̃ = ∅;

(x): for every sequence {tn} there is a subsequence {tnk
} such that for

every nonempty interval (a, b) ⊂ (−1, 1) there exists a k0 ∈ N and a
nonempty subinterval (c, d) ⊂ (a, b) such that for all k ≥ k0

(c, d) ∩ tnk
B̃ = ∅.

Proof. By Lemma 2.1.2(iii) condition (iv) is equivalent to the fact that 0 is
an I-dispersion point of B. To finish the proof, it will be shown that (i) through
(ix) each imply the next item and that (x) implies (i).

(i)⇒(ii). This is obvious, because I0 ⊂ I.
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(ii)⇒(iii). It follows immediately from the fact that for any sequence {tn} of
positive numbers,

lim sup
n→∞

(tnB)� lim sup
n→∞

(tnB̃) ∈ I.(15)

(iii)⇒(iv). This is made obvious by taking tm = nm.
(iv)⇒(v). This follows immediately from (15).
(v)⇒(vi). Note that lim supp→∞(nkpB̃) ∩ (−1, 1) is a Gδ set, and a Gδ set

belongs to I if, and only if, it belongs to I0.
(vi)⇒(vii). By way of contradiction, suppose that (vii) is not true. Then there

must exist a nonempty open interval I ⊂ (−1, 1) such that for every k ∈ N, there
is an increasing sequence of natural numbers {nk

m}m∈N such that whenever J is
a subinterval of I with length greater then 1/k, then nk

mB̃ ∩ J �= ∅, for all
m ∈ N. Choose a sequence {mk} such that the numbers nk = nk

mk
form an

increasing sequence. Then, for every subsequence {nkp}p∈N of {nk}k∈N, the set⋃
p≥q nkpB̃∩I must be dense and open in I, for all q ∈ N. This clearly contradicts

(vi).
(vii)⇒(viii). Fix the sequence of natural numbers {nk} and any nonempty

interval (a, b) ⊂ (−1, 1). By assumption there is an ε > 0 and n0 ∈ N such that
whenever n ≥ n0, then there is a nonempty interval (cn, dn) ⊂ (a, b) \ nB̃ such
that dn − cn > 2ε.

Let q be a natural number such that (b− a)/q < ε and partition (a, b) into q

contiguous intervals J1, . . . , Jq of equal length. From the choice of 0 < |Ji| < ε

for 1 ≤ i ≤ q, it is apparent that each interval (cnk
, dnk

) must contain at least
one of the Ji. The Pigeon Hole Principle now yields the existence of the desired
subsequence.

(viii)⇒(ix). There is no generality lost with the assumptions that t1 ≥ 1, that
tn+1− tn ≥ 1 for all n and (a, b) ⊂ [a, b] ⊂ (0, 1). Let pn = %tn&. The sequence of
integers {pn} satisfies the conditions of (viii), so there must exist a subsequence
{pnk

} of {pn} and a nonempty (c, d) ⊂ (a, b) such that pnk
B̃ ∩ (c, d) = ∅ for all

k ∈ N.
Since tnk

/pnk
→ 1 as k →∞, there exists a k0 such that

1 ≤ tnk

pnk

< 1 +
d− c

3c
, for all k ≥ k0.

Let J = (c + (d− c)/3, d) and k ≥ k0. Then

∅ =
tnk

pnk

(
(c, d) ∩ pnk

B̃
)

=
(
tnk

c

pnk

,
tnk

d

pnk

)
∩ tnk

B̃ ⊃ J ∩ tnk
B̃.

Part (ix) follows easily from this.
(ix)⇒(x). Without loss of generality we may assume that a and b are rational.

Let {(as, bs)}s∈N be an enumeration of all such intervals, and let us choose a
sequence {tn}. The idea of the proof is an application of (ix) infinitely many
times, and diagonalization.
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Let m0
k = k for k ∈ N. We will, by induction on s ∈ N, construct se-

quences {ms
k}k∈N such that, for every s ∈ N, {ms

k}k∈N will be a subsequence of
{ms−1

k }k∈N, and there will be a nonempty interval (c, d) (possibly dependent on
s) contained in (as, bs) such that for all k ∈ N

(c, d) ∩ (tms
k
B̃) = ∅.

The construction is facilitated by (ix). Now, define tnk
= tmk

k
. Then, for every

k0 ∈ N, there exists (c, d) ⊂ (ak0 , bk0) such that for every k ≥ k0

(c, d) ∩ (tnk
B̃) = ∅.

This proves (x).
(x)⇒(i). Fix {tn} and let {tnk

} be a subsequence given by (x). Then, for
every nonempty open interval (a, b) ⊂ (−1, 1) we can find a nonempty subinterval
(c, d) ⊂ (a, b) such that

(c, d) ∩ lim sup
k→∞

tnk
B̃ = ∅.

This implies (i).
This finishes the proof of Theorem 2.2.2.

The dual version of condition (iii) implies that for every B ∈ B

0 ∈ ΦI(B) if, and only if, 0 ∈ ΨI(B).

Using the translation version of the above we infer the following corollary.

Corollary 2.2.3. For every B ∈ B

ΦI(B) = ΨI(B).

For the regular open sets there is one more characterization of I-density
points.

Lemma 2.2.4. Let A be a regular open set. Then the following are equivalent:
(i): 0 is an I-density point of A;
(ii): there exists an interval set E ⊂ A consisting of closed intervals
such that 0 is an I-density point of E.

Proof. 0 is an I-density point of A if, and only if, 0 is an I-dispersion point
of Ac. Thus, by Theorem 2.2.2(vii), condition (i) is equivalent to the statement
that

for every nonempty interval (a, b) ⊂ (−1, 1) there exists a num-
ber ε > 0 and n0 ∈ N such that for every n ≥ n0 there is a
nonempty interval (c, d) ⊂ (a, b) with the properties:

|d− c| > ε and (c, d) ∩ nÃc = ∅.
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Notice that in the above it is enough to only consider intervals (a, b) with rational
endpoints. Moreover, by the regularity of A, cl

(
Ãc

)
= Ac, and so

(c, d) ∩ nÃc = ∅ ⇐⇒ (c, d) ∩ nAc = ∅

⇐⇒ 1
n

(c, d) ∩Ac = ∅

⇐⇒ 1
n

(c, d) ⊂ A.

Hence, we can conclude that (i) is equivalent to the statement
(5) for every nonempty interval I = (a, b) ⊂ (−1, 1) with ratio-
nal endpoints there exists a number εI > 0 and nI ∈ N such that
for every n ≥ nI there is a nonempty interval (c, d) ⊂ [c, d] ⊂
(a, b) with the properties:

|d− c| > εI and
1
n

[c, d] ⊂ A.

Now we can construct E to satisfy (ii).
Replacing A by A ∩ U , if necessary, where U is from Corollary 2.1.5(ii), we

can assume that

A does not contain intervals of the form (r, 0) and (0, r).(16)

Let {Ik}k∈N be an enumeration of all nonempty subintervals of (−1, 1) with
rational endpoints and let us assume that nIk

≥ k for every k ∈ N.
For k ∈ N, let Ek be a union of intervals 1

n [cn, dn] for n ≥ nIk
, where [cn, dn]

is a subset of Ik satisfying (5); i.e., such that

|dn − cn| > εIk
and

1
n

[cn, dn] ⊂ A.

Let
E =

⋃
k∈N

Ek.

Notice that
Ek ⊂ (− 1

nIk

,
1

nIk

) ⊂ (−1
k
,
1
k

)

and that Ek \ (− 1
n ,

1
n ) intersects only finitely many closed intervals forming Ek.

Then,

E \ (−1
k
,
1
k

) ⊂
⋃
i<k

Ei;

i.e., it intersects only finitely many closed intervals forming E.
This, together with (16), implies that E is an interval set formed with closed

intervals. It is also easy to see that int (E) is an interval set obtained from E by
removing the endpoints of the constituent intervals. Hence, int (E) is a regular
open set and, by the construction, it is easy to see that it satisfies (5). Thus it
has been proved that 0 is an I-density point of int (E) and so of E as well.
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This finishes the proof that (i) implies (ii). The converse implication is obvi-
ous.

The next example will be used to show that in Lemma 2.2.4 the assumption
that A is regular open cannot be weakened to the assumption that A is open.

Example 2.2.5. There exists a decreasing sequence S = {bn}n∈N converging
to 0 such that 0 is not a right I-dispersion point of any open set B ⊃ S.

Proof. Let

Dn =
{

i

2n
: i = 1, 2, . . . , 2n

}
⊂ (0, 1]

and let

S =
⋃
n∈N

1
n
Dn.

Notice that S ⊂ (0, 1] and that S \ (0, 1
n ] is finite for every n ∈ N. Thus, S

is a decreasing sequence converging to 0. Moreover, Dk ⊂ Dn ⊂ nS for every
k ≤ n. In particular, for every increasing sequence {nk}k∈N of positive integers,
the set

⋃
k∈N nkS contains

⋃
n∈N Dn and so is dense. Now, if B ⊃ S is open,

then lim supk→∞ nkB is a dense Gδ subset of (0, 1). Thus, by Lemma 2.1.1(iii),
0 cannot be an I-dispersion point of B.

Now let S be as above and let A = R \ cl (S). Then A is open and evidently
0 is an I-density point of A. However, condition (ii) of Lemma 2.2.4 fails for A,
as no matter how the right interval set Er ⊂ A is chosen, 0 cannot be a right
I-density point of Er because the complement of Er in (0, 1) always contains an
open set B ⊃ S.

We finish this section with the following technical lemma.

Lemma 2.2.6. If B =
⋃

n∈N(an, bn) ⊂ [−1, 1] and there exists a positive num-
ber c such that

bn − an
max{|an|, |bn|}

> c,

for every n ∈ N, then 0 is not an I-dispersion point of B.

Proof. Without loss of generality we may assume that B =
⋃

n∈N(an, bn) ⊂
[0, 1]. Put tn = 1/bn for n ∈ N. Then, for every subsequence {tnk

}k∈N of
{tn}n∈N,

(1− c, 1) ⊂ lim sup
k→∞

(tnk
B) .

Hence, by Theorem 2.2.2(iii), 0 is not an I-dispersion point of B.
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2.3. The I-density Topology

In Corollary 2.2.3 it was shown that

T ′′
I ∩ B = T ′

I ∩ B.

The purpose of this section is to prove that the family

TI = T ′′
I ∩ B = T ′

I ∩ B

forms a topology on R.
We start with a lemma which essentially says that the I-density operator

ΦI , restricted to B, is a lower density [29]. In particular, condition (iv) is an
analogue of the Lebesgue density theorem.

Lemma 2.3.1. For A,B ∈ B
(i): if A ⊂ B then, ΦI(A) ⊂ ΦI(B);
(ii): int (A) ⊂ ΦI(A) ⊂ cl (A); in particular, ΦI(∅) = ∅ and ΦI(R) =

R;
(iii): if A�B ∈ I, then ΦI(A) = ΦI(B);
(iv): ΦI(A)�A ∈ I;
(v): ΦI(A ∩B) = ΦI(A) ∩ ΦI(B).

Proof. (i) is obvious from the definition.
(ii) and (iii) follow easily from Lemma 2.1.1.
(iv). Let A ( B stand for the equivalence relation A�B ∈ I. Then (iv)

is justified by the equivalences A ( Ã ( ΦI(Ã) ( ΦI(A) where the third
equivalence follows from (iii) and the second by the inclusions Ã ⊂ ΦI(Ã) ⊂
cl(Ã).

For (v), first notice that the inclusion ΦI(A ∩B) ⊂ ΦI(A) ∩ ΦI(B) follows
from (i). To prove ΦI(A)∩ΦI(B) ⊂ ΦI(A ∩B) assume that a ∈ ΦI(A)∩ΦI(B).
Without loss of generality we can assume that a = 0. Choose an increasing
sequence {nm}m∈N of natural numbers. Then, by Lemma 2.1.1, there exists a
subsequence {nmp

}p∈N such that

(−1, 1) ∩
(

lim inf
p→∞

nmpA

)c

∈ I.

We can find a further subsequence {nmpi
}i∈N such that

(−1, 1) ∩
(
lim inf
i→∞

nmpi
B

)c

∈ I.

Now Lemma 2.1.1 and

(−1, 1) ∩
(
lim inf
i→∞

nmpi
(A ∩B)

)c

= (−1, 1) ∩
[(

lim inf
i→∞

nmpi
A

)c

∪
(
lim inf
i→∞

nmpi
B

)c]
∈ I

imply that 0 ∈ ΦI(A ∩B).
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The next theorem follows immediately from the observation that the Boolean
algebra of regular open sets is complete [34]. However, we would like to provide
an elementary proof of it, since this proof gives significant insight to the subject.

Theorem 2.3.2. TI is a topology on R.

Proof. Lemma 2.3.1 implies that the empty set and R are elements of TI ,
and that the class TI is closed under finite intersections.

Let us assume that a class {Aγ : γ ∈ Γ} of elements of TI is given and write
A =

⋃
γ∈Γ Aγ . It is obvious that A ⊂ ΦI(A). Thus, it suffices to show that A is

a Baire set.
Let {Ãγn : n ∈ N} be a countable subcover from {Ãγ : γ ∈ Γ} of the open set

G′ =
⋃

γ∈Γ Ãγ . Put G =
⋃

n∈N Aγn
. Then G�G′ ∈ I. Moreover, by Lemma

2.3.1(iii) and the fact that Aγ ⊂ ΦI(Aγ) for every γ ∈ Γ,

G ⊂ A =
⋃
γ∈Γ

Aγ ⊂
⋃
γ∈Γ

ΦI(Aγ)

=
⋃
γ∈Γ

ΦI(Ãγ)

⊂ ΦI

 ⋃
γ∈Γ

Ãγ


= ΦI(G′)

= ΦIG.

But, G ∈ B and, by Lemma 2.3.1(iv),

A�G = A \G ⊂ ΦI(G) \G ∈ I.

Thus, A is Baire. This proves that TI is a topology.

The topology TI is called the I-density topology.

2.4. The P∗-topology.

In this section, an alternative definition of the I-density topology due to L.
Zaj́ıček [72], called the P∗-topology, is introduced. Although, with only a few
exceptions, the P∗-topology is not used directly in later sections, it is useful for
developing intuition about the I-density topology.

Let A ⊂ R and x ∈ R. For R > 0 let

γ(x,R,A) = sup{ε > 0 : ∃y ∈ R such that

(y − ε, y + ε) ⊂ (x−R, x + R) ∩Ac ∩ {x}c}.

The porosity of A at x is defined to be

p(x,A) = lim sup
R→0+

2γ(x,R,A)/R.
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The notions of right and left porosity of A at x can be defined in an obvious
way. The set A is porous at x if p(x,A) > 0. If M is porous at each of its points,
then it is called a porous set.

A set which is porous at a point x is, in some sense, “full of holes” nearby x.
If two sets are porous at x, this does not guarantee that their union is porous
at x. A simple example of this is A = [−1, 0] and B = [0, 1]. Both A and B are
porous at 0, but their union is obviously not porous at 0. A more complicated
example, which is more instructive for our purposes is as follows. Let

A =
⋃
n∈N

(−2−2n,−2−2n−1) ∪
⋃
n∈N

(2−2n−1, 2−2n)

and
B =

⋃
n∈N

(−2−2n+1,−2−2n) ∪
⋃
n∈N

(2−2n, 2−2n+1).

It is clear that
p(0, A) = p(0, B) =

1
2

> 0,

but
p(0, A ∪B) = 0.

Examples such as the above motivate the following definition.
The set A ⊂ R is superporous at x if A ∪ B is porous at x whenever B is

porous at x. The set A is simply termed to be superporous, if it is superporous
at every point. Any such set is obviously porous.

These definitions imply at once that if {Aλ : λ ∈ Λ} are each superporous
(porous) at x, then

⋂
λ∈Λ Aλ is also superporous (porous) at x and if the sets

{Ai : 1 ≤ i ≤ n} for n ∈ N are superporous at x, then
⋃

1≤i≤n Ai is also super-
porous at x. Using this, the P-topology is defined as

P = {G ⊂ R : Gc is superporous at every point of G}.

Finally, the P∗-topology is defined as

P∗ = {G \N : G ∈ P and N ∈ I}.

It will be proved that P∗ = TI . To do this, several lemmas are needed.

Lemma 2.4.1. P∗ ⊂ B.

Proof. It is easy to see that any G ∈ P contains an open set H ∈ TO such
that H ⊂ G ⊂ cl (H). Thus, G = H∪(G\H) ∈ B, as G\H ⊂ cl (H)\H ∈ I.

Lemma 2.4.2. The following conditions are equivalent:
(i): the set A is superporous at x; and,
(ii): given s ∈ (0, 1) there exists Ds > 0 and Rs ∈ (0, 1) such that
whenever 0 < D < Ds and (y − δ, y + δ) ⊂ (x − D,x + D) \ {x}
with 2δ/D > s, then there is an interval J ⊂ (y − δ, y + δ) ∩ Ac with
m(J)/2δ > Rs.
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Proof. Since porosity is translation invariant, it may be assumed that x = 0.
First, assume (i) is true, but (ii) fails for some s ∈ (0, 1). This implies that for

each R ∈ (0, 1) and each D > 0, there is a closed interval I(R,D) ⊂ (−D,D)\{0}
such that

m(I(R,D))
D

> s,

but every component of I(R,D) ∩Ac can have measure at most

Rm(I(R,D)).

Using this, we will construct a set B, which is porous at 0, such that A ∪ B

is not porous at 0. This contradiction of (i) will show that (ii) must be true.
To do this, let Rn = 2−n and I1 = I(R1, 1). Inductively define

In+1 = I(Rn+1,dist(In, {0})).

Let B =
(⋃

n∈N In
)c. Then p(B, 0) ≥ s > 0, but the definition of In implies

p(A ∪B, 0) = 0.
Next, suppose (ii) is true and B ⊂ R such that p(B, 0) > s > 0. There is

no generality lost in assuming that the right porosity of B at 0 is greater than
s. Then, it is easy to construct a right interval set E =

⋃
n∈N(an, bn) such

that E ⊂ Bc and (bn − an)/bn > s for every n ∈ N. Choose Ds and Rs as in
(ii). We may further assume 0 < b1 < Ds. Then, for each n ∈ N, there is an
interval Jn ⊂ (an, bn) ∩Ac such that m(Jn)/(bn − an) > Rs. This easily implies
p(A ∪B, 0) ≥ sRs > 0, and (i) holds.

The notion of unilateral right superporosity set can be defined in a very natural
way. Using this definition, Lemma 2.4.2 can be reformulated in the following way.

Corollary 2.4.3. The following conditions are equivalent:
(i): the set A is unilaterally right superporous at 0; and,
(ii): for every c ∈ (0, 1) there exist ε > 0 and δ0 > 0 such for any
x ∈ (0, δ0) there exists a closed interval J ⊂ Ac ∩ (cx, x) such that
m(J) > xε.

Proof. It is not difficult to see from Lemma 2.4.2 that A is right superporous
at 0 if, and only if,

(5) given s ∈ (0, 1) there exists Ds > 0 and Rs ∈ (0, 1) such
that whenever 0 < D < Ds and (y − δ, y + δ) ⊂ (0, D) with
2δ/D > s, then there is an interval J ⊂ (y − δ, y + δ) ∩Ac with
m(J)/2δ > Rs.

To prove that (5) implies (ii), it is enough to choose s < 1−c, define δ0 = Ds,
ε = (1−c)Rs and take D = x < δ0 = Ds and (y−δ, y+δ) = (cx, x) ⊂ (−D,D)\
{0}. Then, 2δ/D = x(1− c)/x > s and so, there exists J ⊂ Ac ∩ (y− δ, y + δ) =
Ac ∩ (cx, x) such that m(J) > 2δRs = x(1− c)ε/(1− c) = xε.

To prove that (ii) implies (5), choose c such that 1− c < s and define Ds = δ0

and Rs = ε/2. For D < Ds and (y − δ, y + δ) ⊂ (0, D) such that 2δ > sD take
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x = y + δ ≤ D < Ds = δ0. Then, (1 − c)x ≤ (1 − c)D < sD < 2δ and so,
(cx, x) ⊂ (x − 2δ, x) = (y − δ, y + δ). Thus, there exists J ⊂ Ac ∩ (cx, x) ⊂
Ac ∩ (y − δ, y + δ) such that

m(J)/2δ ≥ xε/2δ ≥ δε/2δ = Rs,

since x ≥ y + δ ≥ δ. This finishes the proof.

In the proof of the next theorem, the following easy fact is needed.

Proposition 2.4.4. Let ε,M > 0 and let {(an, bn)}n∈N be a sequence of
subintervals of [−M,M ] such that bn−an > ε for every n ∈ N. Then there exists
a nonempty interval (a, b) ⊂ [−M,M ] and an increasing sequence {nk}k∈N of
positive numbers such that (a, b) ⊂ (ank

, bnk
) for every k ∈ N.

Proof. Let cn be center of (an, bn) for every n ∈ N and let −M = d0 <

d1 < . . . < dm = M be such that di − di−1 < ε
2 for every i = 1, 2, . . . ,m. Then,

by the Pigeon Hole Principle, there exists i ≤ m and a sequence {nk}k∈N such
that di ∈ (ank

, cnk
) for every k ∈ N. Then the sequence {nk}k∈N and an interval

(a, b) = (di, di + ε
2 ) suffice.

The main conclusion of this section is a consequence of the following theorem.

Theorem 2.4.5. Let A ∈ B and x ∈ R. Then, Ã is superporous at x if, and
only if, x is an I-dispersion point of A.

Proof. Since A�Ã ∈ I, x is an I-dispersion point of A if, and only if, x is
an I-dispersion point of Ã. Thus, without loss of generality we may assume that
A = Ã. We can also assume, without loss of generality that x = 0, because the
notions of superporosity and I-dispersion are translation invariant.

Before we start the main part of the proof let us rephrase condition (ii) of
Lemma 2.4.2 for x = 0 in the following way:

for every s ∈ (0, 1) there exist Ds > 0 and Rs ∈ (0, 1) such that
for every 0 < D < Ds and any open interval I ⊂ (−D,D) \ {0}
with m(I)/D > s, there is an open interval J ⊂ I∩Ac such that
m(J)/m(I) > Rs.

This can be rewritten as
for every s ∈ (0, 1) there exist Ds > 0 and Rs ∈ (0, 1) such that

for every 0 < D < Ds and any open interval 1
D I ⊂ 1

D (−D,D) \
{0} with m( 1

D I) > s, there is an open interval 1
DJ ⊂ 1

D I such
that 1

DJ ∩ 1
DA = ∅ and m( 1

DJ)/m( 1
D I) > Rs.

The last version, in turn, is equivalent to
(5) for every s ∈ (0, 1) there exist Ds > 0 and Rs ∈ (0, 1)
such that for every 0 < D ≤ Ds and any open interval (a, b) ⊂
(−1, 1)\{0} with b−a ≥ s, there is an open interval (c, d) ⊂ (a, b)
such that (c, d) ∩ 1

DA = ∅ and (d− c)/(b− a) > Rs.
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Now we are ready to prove the theorem by proving that condition (5) implies
Theorem 2.2.2(viii) and that Theorem 2.2.2(ix) implies condition (5).

So, assume that A is superporous at 0. Choose an increasing sequence of
natural numbers {nk}k∈N, a nonempty open interval (a, b) ⊂ (−1, 1) \ {0} and
a number p ∈ N. Put s = b − a and use condition (5) to choose Ds > 0 and
Rs ∈ (0, 1). We can assume that D−1

s = nkp ≥ np. Then, since b−a = s, there is
an interval (cp, dp) ⊂ (a, b) such that dp−cp > sRs and (cp, dp)∩nkpA = ∅. Now,
we can assume that the sequence {nkp}p∈N is increasing and, using Proposition
2.4.4, if necessary, that there is a nonempty open interval (c, d) ⊂ (cp, dp) ⊂ (a, b)
for every p ∈ N. This implies (c, d) ∩ nkpA = ∅ for every p ∈ N. Theorem
2.2.2(viii) is proved.

To prove the converse, assume that condition (5) is false for some s > 0.
Then for every n ∈ N and Ds = Rs = 1

n there are numbers 0 < D ≤ Ds and
tn = 1

D and an interval (an, bn) ⊂ (−1, 1) \ {0} such that bn − an ≥ s and for
every interval (c, d) ⊂ (an, bn) with the property that (c, d) ∩ tnA = ∅ we have
d− c ≤ Rs(b− a) ≤ 1

n . Now, by Proposition 2.4.4, we can choose an increasing
sequence {nk}k∈N of natural numbers and a nonempty interval (a, b) such that
(a, b) ⊂ (ank

, bnk
) for every k ∈ N and the sequence {tnk

}k∈N is increasing and
diverging to infinity. In other words, we have found a nonempty interval (a, b) ⊂
(−1, 1) and an increasing sequence {tnk

}k∈N of positive numbers diverging to
infinity such that whenever (c, d) ⊂ (a, b) is such that (c, d) ∩ tnk

A = ∅, then
d − c ≤ 1

nk
. This contradicts Theorem 2.2.2(ix). This contradiction forces the

conclusion that (5) must be true.

Combining the previous theorem with Lemma 2.4.1 and the definition of P∗

yields to the folloving corollary.

Corollary 2.4.6. P∗ = TI .

2.5. I-approximate Continuity

A function f : R → R is I-approximately continuous, if it is continuous with
respect to the I-density topology TI on the domain, and the natural topology TO
on the range. The class of all I-approximately continuous functions is denoted
by CIO. This is analogous to the definition of the approximately continuous
functions CNO.

A Baire function f : R → R is I-approximately continuous at a point x if for
any ε > 0, x is an I-density point of {t : |f(t)− f(x)| < ε} ∈ B. Pointwise right
and left I-approximate continuity are defined in the obvious way.

The following propositions serve to give some insight into the structure of the
I-approximately continuous functions.

Lemma 2.5.1. If f is right I-approximately continuous at each of its points,
a ∈ R and A = {x : f(x) > a}, then int (A) is dense in A.
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Proof. It may be supposed without loss of generality that a = 0. Let An =
{x : f(x) ≥ 1/n} ∈ B and let A =

⋃
n∈N An. If x ∈ Ãn, then, by Lemma

2.1.1, x is an I-density point of An, as An�Ãn ∈ I. The definition of right
I-approximate continuity shows that f(x) ≥ 1/n. It follows that Ãn ⊂ An.
Therefore, G =

⋃
n∈N Ãn ⊂

⋃
n∈N An = A. To see that G is dense in A, let

x ∈ A and choose n ∈ N such that 1/n < f(x). Then x is a right I-density point
of {w : f(w) > 1/n} and it is apparent that x must be a limit point of Ãn. From
this, we see that G is dense in A.

Theorem 2.5.2. Every right I-approximately continuous function is of the
first Baire class.

Proof. Let f be right I-approximately continuous on R. It suffices to show
that {x : f(x) ≥ 0} is a Gδ set. To do this, for each p ∈ N, let Up = {x : f(x) >

−1/p} and, for p, q, r, k ∈ N, define

A(p, q, r, k) =
{
x ∈ R :

(
k − 1

q
,
k

q

)
∩ r (Up − x) �= ∅

}
(17)

and

A(p, q, r) =
q⋂

k=1

A(p, q, r, k).(18)

It is easy to see that each A(p, q, r) is an open set.
Next, define

U =
⋂
p∈N

⋂
q∈N

⋃
r≥q

A(p, q, r).(19)

It is clear that U is a Gδ set. We will show that U = {x : f(x) ≥ 0}.
To show that U ⊂ {x : f(x) ≥ 0}, fix p ∈ N and let

Vp =
⋂
q∈N

⋃
r≥q

A(p, q, r).

Suppose that 0 ∈ Vp. For each q ∈ N there is an rq ∈ N, rq ≥ q, such that

when 1 ≤ k ≤ q, then
(
k−1
q , kq

)
∩ rqUp �= ∅. From this and Lemma 2.5.1 we see

that (
k − 1

q
,
k

q

)
∩ rqint (Up) = int

((
k − 1

q
,
k

q

)
∩ rqUp

)
�= ∅(20)

for k = 1, 2, . . . , q.
Let {rqi}i∈N be an increasing subsequence of {rq}q∈N and put ni = rqi for

i ∈ N. From (20) it follows that
⋃

j∈N nij int (Up) is a dense open subset of (0, 1)
for every subsequence {nij}j∈N of {ni}i∈N. Therefore,

lim sup
j→∞

nijUp ∩ (0, 1)
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is a residual subset of (0, 1). It follows from Lemma 2.1.2, that 0 is not a right
I-dispersion point of Up and the right I-density continuity of f shows that
0 ∈ {x : f(x) ≥ −1/p}. This same argument can be done with any other x ∈ Vp,
showing that Vp ⊂ {x : f(x) ≥ −1/p}. Therefore,

U =
⋂
p∈N

Vp ⊂ {x : f(x) ≥ 0}.

To show that {x : f(x) ≥ 0} ⊂ U , fix x such that f(x) ≥ 0. As previously, we
consider only the case when x = 0. The other cases are similar.

So, suppose f(0) ≥ 0 and p, q ∈ N. We must show there is an r ∈ N, r ≥ q,
such that 0 ∈ A(p, q, r). If not, for every r ≥ q there must be an integer kr, with
1 ≤ kr ≤ q, such that (

kr − 1
q

,
kr
q

)
∩ rUp = ∅.

There must exist an increasing sequence of natural numbers ri such that kri
= k

for some 1 ≤ k ≤ q. This gives(
k − 1

q
,
k

q

)
∩ riUp = ∅

for all i so that for any subsequence {rij}j∈N of {ri}i∈N(
k − 1

q
,
k

q

)
∩ lim inf

j→∞
rijUp = ∅.

Therefore, 0 is not a right I-density point of Up. But, this is impossible because
f(0) ≥ 0 and f is right I-approximately continuous at 0.

We are forced to conclude U ⊃ {x : f(x) ≥ 0} and consequently U = {x :
f(x) ≥ 0}, which finishes the proof of the theorem.

Corollary 2.5.3. If f is I-approximately continuous on R, then f is a Dar-
boux Baire 1 function.

Proof. Since sets which are open in the I-density topology are bilaterally c-
dense in themselves, this is an immediate consequence of the preceding theorem
and Young’s criterion. (See Bruckner [7, p. 9].)

The properties of the I-approximately continuous functions given so far have
concentrated on showing that they behave like the ordinary approximately con-
tinuous functions. But, as can be expected, all the widely used properties of the
approximately continuous functions do not translate to the case of I-approximate
continuity. For example, it was noted in Theorem 1.3.1(iv) that any bounded
approximately continuous function is a derivative. The following example shows
this is not true of bounded I-approximately continuous functions.
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Example 2.5.4. There exists a bounded I-approximately continuous func-
tion1 which is not a derivative.

Proof. Let P ⊂ (0, 1] be a nowhere dense closed set with positive measure.
Choose a sequence {nk}k∈N of natural numbers satisfying limk→∞ nk/nk+1 = 0
and define

E =
⋃
k∈N

1
nk

P.

It will be shown in Lemma 2.8.1 that there is an open set G ⊃ E such that 0 is
an I-dispersion point of G. Moreover, by Corollary 2.7.4, G can be chosen as an
open interval set.

On the other hand, for all k ∈ N,

m(G ∩ (0, 1/nk))
1/nk

≥ m(E ∩ (0, 1/nk))
1/nk

> m(P ) > 0,(21)

so 0 is not a dispersion point of G.
Define the function f on E ∪Gc by

f(x) =
{

1 x ∈ E

0 x ∈ Gc

and extend f on G \ E in such a way that it is piecewise linear on (0,∞) and
bounded by 1. Since 0 is an I-dispersion point of G, it is apparent that f is
I-approximately continuous.2 On the other hand, f cannot be a derivative. To
see this, suppose F is any primitive function for f and define

G(x) =
∫ x

0

f.

Since f is continuous on R \ {0}, we see that F − G must be constant on both
(−∞, 0) and (0,∞). Since both F and G are continuous, this implies that F −G

is constant on R and therefore G is differentiable on R. But, this is impossible
since, by (21),

D−G(0) = 0 < m(P )

≤ lim inf
k→∞

m(E ∩ (0, 1/nk))
1/nk

≤ lim sup
k→∞

G(1/nk)
1/nk

≤ D
+
G(0).

Now, we are ready to state some of the most important properties of CIO,
similar to those from Theorem 1.3.1.

Theorem 2.5.5. The following are some properties of CIO.
(i): CIO is closed under pointwise addition and multiplication.

1In fact, the constructed function is also I-density continuous. I-density continuity is
defined in Chapter 3.

2In fact, by Corollary 3.4.4, it is also I-density continuous.
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(ii): CIO is closed under uniform convergence; hence, the bounded I-
approximately continuous functions form a Banach space.

(iii): If f ∈ CIO, then f is a Darboux function of the first Baire class.
(iv): There is a bounded f ∈ CIO which is not a derivative.

Proof. (i). If f, g ∈ CIO then f + g is a composition of the continuous
function +: (R2, TO) → (R, TO), +(x, y) = x + y, and the continuous functions
f, g : (R, TI) → (R, TO). Hence, f + g ∈ CIO. Similarly, fg ∈ CIO.

(ii). Assume that the sequence {fn}n∈N of I-approximately continuous func-
tions converges uniformly to f . We prove that f ∈ CIO. Let U ∈ TO, x ∈ f−1(U)
and choose ε > 0 such that (f(x)− 2ε, f(x) + 2ε) ⊂ U . Moreover, let n ∈ N be
such that |fn(x)− f(x)| < ε for every x ∈ R. Then,

x ∈ f−1
n ((f(x)− ε, f(x) + ε)) ⊂ f−1((f(x)− 2ε, f(x) + 2ε)) ⊂ f−1(U)

and f−1
n ((f(x)− ε, f(x) + ε)) ∈ TI . Thus, f ∈ CIO.

(iii) is a restatement of Corollary 2.5.3.
(iv) is a restatement of Example 2.5.4.

We finish this section with the following analog of Theorem 1.3.2.

Theorem 2.5.6. The function f : R → R is a Baire function if, and only if,
it is I-approximately continuous I-almost everywhere.

Proof. If f is a Baire function then, by Example 1.1.5, f is I-continuous
I-a.e. and so it is I-approximately continuous I-a.e.

If f is I-approximately continuous I-a.e., then there must be a set K ∈ I
such that f |Kc is Baire. So, f is Baire.

2.6. Topological Properties of the I-density Topology

This short section summarizes the topological properties of the I-density
topology.

We start with the following easy lemma.

Lemma 2.6.1. If D ⊂ R is dense with respect to TO, then no point x ∈ R can
be separated in TI from D.

Proof. By Lemma 2.1.2, if x ∈ A ∈ TI , then (x− ε, x+ ε)∩A �∈ I for every
ε > 0. In particular, by Lemma 2.2.1(iii), any set G ∈ TI containing D must
be residual and any set H ∈ TI containing x must be a second category set.
Therefore G and H cannot be disjoint.

Theorem 2.6.2. The topology TI on R has the following properties:
(i): TO ⊂ TI and the inclusion is proper; in particular TI is Hausdorff;
(ii): a subset C of R is closed and discrete with respect to TI if, and
only if, C ∈ I;

(iii): TI is neither separable nor has the Lindelöf property;
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(iv): TI is not regular;
(v): every subinterval of R is connected in TI ;
(vi): a set A is compact with respect to TI if, and only if, it is finite;
(vii): TI is not generated; 3 and
(viii): if the Continuum Hypothesis holds, then TI is not a Blumberg
space. 4

Proof. (i) follows immediately from Lemma 2.3.1(ii) and Corollary 2.1.5(ii).
(ii). If A ∈ I, then Ac�R ∈ I and, by Lemma 2.3.1(ii) and (iii), Ac ⊂ R =

ΦI(R) = ΦI(Ac), i.e., A is closed in TI . So is every subset of A. Thus A closed
and discrete.

On the other hand, if A is discrete in TI , then ΦI(Ac) = R. Hence, by Lemma
2.3.1(iv), A = Ac�R = Ac�ΦI(Ac) ∈ I.

To see first part of (iii) it is enough to notice that, by (ii), any countable set
is closed in TI . To see that TI does not have Lindelöf property it is enough to
consider the I-density open cover U = {{x} ∪ Cc}x∈C where C is the Cantor
set.

Condition (iv) is established by noticing that the set Q is closed with respect to
TI while, by Lemma 2.6.1, it cannot be separated in TI from any point x ∈ R\Q.

(v) follows immediately from Corollary 2.5.3.
(vi). Evidently any finite set is compact.
To argue the other direction, let A be an infinite set and let {an}n∈N be any

sequence of distinct points from A. The set {an}n∈N is closed and discrete with
respect to TI . Thus, the sets Gn = R \ {ak : k ≥ n} form a TI-open cover of A

without a finite subcover.
(vii). We have to show that the family

F = {
(
f−1({x})

)c
: x ∈ R and f : (R, TI) → (R, TI) is continuous}

is not a subbase for TI . But F ⊂ {
(
f−1({x})

)c : x ∈ R and f ∈ CIO} and the
second family obviously is not a subbase for TI , as TI is not regular.

(viii) is obvious by the above properties and the following theorem of White
[65]:

Let X be a Baire space with cardinality of continuum such that
: (a) X satisfies the countable chain condition,
: (b) the weight and the character of X is that of the
continuum,5

3Compare to the footnote for Theorem 1.2.3 and Chapter 4.
4Compare to the footnote for Theorem 1.2.3 or [63, 65].
5For a topological space X it’s weight is defined by

w(X) = min{card (U) : U is a base of X}

and it’s character by χ(X) = sup{χ(X, x) : x ∈ X}, where

χ(X, x) = min{card (U) : U is a base of X at x}.
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: (c) every set of first category in X is nowhere dense in
X.

Then X is not Blumberg.

2.7. The Deep-I-density Topology

As seen in Theorem 2.6.2(iv) the topology TI on R is not regular, so, the weak
topology generated by CIO is strictly smaller than TI . In this section this weak
topology is described and some of its properties are examined.

A point a ∈ R is said to be a deep-I-density point of a set A ∈ B if, and only
if, there exists a closed set F ⊂ A ∪ {a} such that a is an I-density point of
F . A point a ∈ R is said to be a deep-I-dispersion point of an A ∈ B if, and
only if, it is a deep-I-density point of Ac. Similarly defined are left and right
deep-I-density and deep-I-dispersion points.

Notice that for a closed set the notions of an I-density point and a deep-
I-density point coincide. Similarly, the notions of an I-dispersion point and a
deep-I-dispersion point coincide for open sets.

We first present the following easy equivalences.

Lemma 2.7.1. Let A ⊂ R. The following are equivalent:
(i): 0 is a deep-I-density point of A;
(ii): there is a regular open set V ⊂ A such that 0 is an I-density point
of V ;

(iii): there exists an interval set E ⊂ A composed of closed intervals
such that 0 is an I-density point of E.

Proof. (i) implies (ii). If F ⊂ A ∪ {0} is a closed set such that 0 is an
I-density point of F , then W = int (F ) is a regular open and W�F ∈ I, so, by
Lemma 2.3.1(iii), 0 is an I-density point of W .

If 0 �∈ W , then W ⊂ A and V = W satisfies (ii).
If 0 ∈ W , then V = W ∩ U works, where U is from Corollary 2.1.5(ii).
(ii) implies (iii). E ⊂ V from Lemma 2.2.4(ii) works.
(iii) implies (i). F = E ∪ {0} ⊂ A ∪ {0} has the desired property.

Corollary 2.7.2. The notions of I-density point and deep-I-density point
coincide on regular open sets. In particular, they coincide on open interval sets.

Define
ΦD(A) = {x ∈ R : x is a deep-I-density point of A},

and let
TD = {A ∈ B : A ⊂ ΦD(A)} ⊂ TI .

Notice that ΦD(A) ⊂ ΦI(A) and that properties (i), (ii) and (v) of Lemma
2.3.1 remain true if we replace ΦI by ΦD. Thus, the following Theorem is an
easy consequence of Theorem 2.3.2.

Theorem 2.7.3. TD is a topology on R.
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The topology TD on R is called the deep-I-density topology.
The following theorem is an immediate consequence of Lemma 2.7.1.

Corollary 2.7.4. For every x ∈ R the family

U(x) = {U ∪ {x} : U is an open interval set at x and x ∈ ΦD(U)}

forms a base of TD at the point x.

A function f : R → R is deep-I-approximately continuous, if it is continuous
with respect to the natural topology TO on the range, and the deep-I-density
topology TD on the domain. The class of all deep-I-approximately continuous
functions is denoted by CDO.

As the next step the following theorem is needed.

Theorem 2.7.5. TD is completely regular.

Proof. Let x ∈ A ∈ TD. Assume for simplicity that x = 0. We must define
a deep-I-approximately continuous function f : R → R such that f(0) = 1 and
Ac ⊂ f−1(0). By Corollary 2.7.4 and Lemma 2.7.1 we can find an open interval
set V ⊂ A and an interval set E ⊂ V composed of closed intervals such that 0 is
an I-density point of E. Define

f(x) =


1 x = 0

dist(x, V c)
dist(x, V c)+dist(x,E) x �= 0

It is easy to see that f(0) = 1, Ac ⊂ V c ⊂ f−1(0) and that f is continuous on
R\{0}. Moreover, f is deep-I-approximately continuous at 0 as E ⊂ f−1(1).

We are ready to prove the main theorem of this section.

Theorem 2.7.6. TD is the weak topology generated by CIO; i.e., TD is equal
to the topology T generated by the family

{f−1((a, b)) : f ∈ CIO and a, b ∈ R}.

Proof. Evidently TD ⊂ T as TD is completely regular. To prove the reverse
inclusion, fix a < b, f ∈ CIO and x ∈ f−1((a, b)). It must be proved that x is a
deep-I-density point of f−1((a, b)).

Let c < d be such that f(x) ∈ (c, d) ⊂ [c, d] ⊂ (a, b) and define E = f−1([c, d]).
Thus, Ec = f−1([c, d]c) ∈ TI while

x ∈ f−1((c, d)) ⊂ E ⊂ f−1((a, b)).

So, x is an I-density point of Ẽ and, by Corollary 2.7.2, x is also a deep-I-density
point of Ẽ. Moreover, Ẽ ∩ Ec ∈ I ∩ TI . Thus, Ẽ ∩ Ec = ∅; i.e., Ẽ ⊂ E.

Theorem 2.7.6 immediately implies
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Corollary 2.7.7. A function f is I-approximately continuous if, and only
if, it is deep-I-approximately continuous; i.e.,

CIO = CDO.

The next theorem summarizes the topological properties of TD.

Theorem 2.7.8. The topology TD on R has the following properties:
(i): TO ⊂ TD ⊂ TI and the inclusions are proper;
(ii): there exists a set S ∈ I0 which is not closed with respect to TD;
however, there also exists a perfect set C which is discrete with respect
to TD;

(iii): TD is separable; moreover, every set D which is dense with respect
to TO is also dense with respect to TD;

(iv): TD is completely regular but not normal;
(v): every subinterval of R is connected in TD;
(vi): a set A is compact with respect to TD if, and only if, it is finite;
(vii): TD is generated;6

(viii): TD is a Blumberg space.7

Proof. (i). The inclusions are obvious. The first inclusion is proper by
Corollary 2.1.5(ii). The second inclusion is proper because TD is regular, but TI
is not.

(ii). For the first part it is enough to take the set S from Example 2.2.5. For
the second part, the set C from Lemma 2.1.8 works.

(iii). By Lemma 2.6.1, a set D which is dense with respect to TO cannot be
separated in TI , and so in TD, from any point x ∈ R\D. Thus, by the regularity
of TD, the set D is dense with respect to TD.

(iv). The first part is a restatement of Theorem 2.7.5.
To prove the second part let us notice that the set C from Lemma 2.1.8 is

closed and discrete with respect to TD and has cardinality equal to the continuum
c. Thus, by the following theorem (see [23, Theorem 8.10])

If X is a separable normal space and E is a subset of X with
cardinality at least equal to the continuum, then E has a limit
point in X.

TD cannot be normal.
(v) follows immediately from (i) and Theorem 2.6.2(v).
(vi). Evidently, any finite set is compact. To argue the other direction, let A

be an infinite set. It must be shown that it is not compact with respect to TD.
As in Theorem 2.6.2(vi) it is enough to prove that A has an infinite subset D

which is closed and discrete with respect to TD.
If A is closed and discrete with respect to TO then D = A works.

6See the footnote for Theorem 1.2.3 and Chapter 4.
7See the footnote for Theorem 1.2.3 or [63, 65].
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Otherwise, there is a monotone sequence {cn}n∈N ⊂ A converging to a point
x ∈ R. Without loss of generality, assume that x = 0 and that the sequence
{cn}n∈N is decreasing. Choosing a subsequence, if necessary, we can also assume
that limn→∞ cn+1/cn = 0. Now, using Lemma 2.1.6, it is not difficult to argue
that the set D = {cn}n∈N is closed and discrete with respect to TD.

(vii). Let x ∈ A ∈ TD and let f : R → R be as in the proof of Theorem 2.7.5.
Then x ∈

(
f−1(0)

)c ⊂ A. So, it is enough to argue that f is continuous with
respect to TD both on the domain and the range.8 But, f is continuous at 0 in
this sense by the same argument as in Theorem 2.7.5. Moreover, at points �= 0, f
is unilaterally linear and so obviously satisfies the desired continuity. (Compare
Proposition 3.1.7.)

(viii). Let f : R → R be a function. Then, by Blumberg’s theorem [4, 5],
there exists a set D ⊂ R dense with respect to TO such that f |D : (D, TO) →
(R, TO) is continuous. But, by (iii), D is dense with respect to TD and, by (i),
f |D : (D, TD) → (R, TO) is continuous.

There is yet one more advantage that TD has over TI . The examples from
Section 1.5 do not apply to TD, as can be seen from the following theorem.

Theorem 2.7.9. TD = {A ⊂ R : A ⊂ ΦD(A)}.

Proof. If A ⊂ ΦD(A) then, by Lemma 2.7.1(ii), int (A) ⊂ A ⊂ cl (int (A)).
Hence A ∈ B.

As a final remark in this section, notice that it follows easily from Theorem
2.4.5 that for a regular open set A and x ∈ R, Ac = cl

(
Ãc

)
is superporous at x

if, and only if, x is an I-dispersion point of Ac. This means that the sets of the
form {x} ∪ A where A is regular open and x is an I-density point of A form a
base for the topology P as well as for TD. This immediately implies

Corollary 2.7.10. P = TD.

and

Corollary 2.7.11. A is superporous at the point x if, and only if, x is a
deep-I-dispersion point of A.

2.8. I-density Topologies Versus the Density Topology

The purpose of this section is to discuss the relations between the I-density
topologies and the density topology. For this, we need the following lemma.

8Such functions will be termed deep-I-density continuous. Compare also Chapter 3.
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Lemma 2.8.1. Let P ⊂ (0, 1] be closed and nowhere dense and let {bn}n∈N

be a sequence of positive numbers such that limn→∞ bn+1/bn = 0. Then 0 is a
deep-I-dispersion point of the set

Q =
⋃
n∈N

bnP.

In particular, Qc ∈ TD.

Proof. By Corollaries 2.4.3 and 2.7.11 suffices to prove that for every c ∈
(0, 1) there exist ε > 0 and δ > 0 such for any x ∈ (0, δ) there exists a closed
interval I ⊂ Qc ∩ (cx, x) such that m(I) ≥ xε.

Let c ∈ (0, 1), p = minP and let δ > 0 be such that

bn+1

bn
< pc for every n ∈ N for which pbn ≤ δ.(22)

Moreover, let ε0 > 0 be a number such that for every interval K ⊂ (0, 1) of
length ≥ p(1− c)/2 there exists a closed interval J ⊂ K \P of length ≥ ε0. Such
a number can be found, by partitioning (0, 1) into intervals J1, . . . , Jk, of length
< p(1− c)/4 and defining

ε0 < min{sup{b− a : [a, b] ⊂ Ji \ P} : 1 ≤ i ≤ k}.

Put ε = min{ε0/2, (1− c)/2}.
Now, let x ∈ (0, δ) and define

m = min{n : pbn ≤ x}.

Then, by (22), bm+1 < pbmc ≤ xc. In particular,

Qc ∩ (cx, x) = (cx, x) \ bmP.

Let a be the middle point of (cx, x). If pbm > a, then I = [xc, a] works, as
m(I) = x(1− c)/2 ≥ xε. Similarly, if bm < a, then I = [a, x] works.

So, let us assume that pbm ≤ a ≤ bm. Then x ≤ 2a ≤ 2bm and pbm < x =
2

1−c (x − a), as 2(x − a) = (x − xc). In particular, (x − a)/bm > p(1 − c)/2.
Thus, by the definition of ε0, there exists a closed interval J ⊂ 1

bm
(a, x) \ P of

the length ≥ ε0. Hence,

I = bmJ ⊂ (a, x) \ bmP ⊂ (cx, x) \ bmP = Qc ∩ (cx, x)

has length ≥ ε0bm = (2ε0)(bm/2) ≥ εx = xε. This finishes the proof of Lemma
2.8.1.

Now we are ready to prove

Theorem 2.8.2. If P(R) stands for the discrete topology on R, then

TO ∩ TN ⊂ TD ∩ TN ⊂ TI ∩ TN ⊂ TN
‖ ∩ ∩ ∩
TO ⊂ TD ⊂ TI ⊂ P(R)
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Moreover, all the inclusions are proper.

Proof. All the inclusions follow immediately from Theorems 2.7.8(i) and
1.2.3(i).

To show that the horizontal inclusions are proper, it is enough to argue for
the inclusions in the first row. Thus, it is enough to prove that TD ∩ TN �⊂ TO,
TI ∩ TN �⊂ TD and TN �⊂ TI . To show that the vertical inclusions are proper we
will show that TD �⊂ TN .
TD ∩ TN �⊂ TO. If U is from Corollary 2.1.5(ii), then obviously {0} ∪ U ∈

TI ∩ TN , as Iω ⊂ I ∩N . Moreover, U is an interval set. So, by Corollary 2.7.2,
{0} ∪ U ∈ TD. Evidently, {0} ∪ U �∈ TO.
TI ∩ TN �⊂ TD. Let E = R \ Q. By Theorems 2.6.2(ii) and 1.2.3(ii), Q is

nowhere dense in TI and TN and so E ∈ TI ∩ TN . But, by Theorem 2.7.8(iii),
Q is dense in TD. Hence, E �∈ TD.
TN �⊂ TI . Let C be a nowhere dense set of positive Lebesgue measure. By

the Lebesgue Density Theorem, D = C ∩ ΦN (C) ∈ TN and D �= ∅. Moreover,
by Theorem 2.6.2(ii), D is nowhere dense in TI , so D �∈ TI .
TD �⊂ TN . Let C ⊂ [ 12 , 1] be a closed nowhere dense set with positive Lebesgue

measure and let {bn}n∈N be a decreasing sequence of positive numbers such that

lim
n→∞

bn+1/bn = 0.

Then, by Lemma 2.8.1, 0 is a deep-I-dispersion point of E =
⋃

n∈N bnC and
Ec ∈ TD. On the other hand, for every n ∈ N,

m (E ∩ (0, bn))
bn

= m
(
b−1
n E ∩ (0, 1)

)
≥ m(C) > 0.

Thus, 0 is not a dispersion point of E and Ec �∈ TN .

2.9. Historical and Bibliographic Notes

Lemma 2.1.8 is new, although the set exhibited there, in a similar setting,
was used earlier by Natkaniec [48]. Other results from Section 2.1 can be found
in Wilczyński’s survey paper [68] in the case of J = I, although Lemma 2.1.4
was proved there only in the case when lim supn→∞ bn+1/an = 0. In a slightly
more general setting some of those results were proved in the earlier papers from
Wilczyński [66], Poreda, Wagner-Bojakowska, Wilczyński [58, 57] and Aversa,
Wilczyński [1].

Theorem 2.2.2 generalizes the results obtained by Poreda, Wagner-Bojakowska
and Wilczyński [57, Theorem 1]. Condition (vii) of Theorem 2.2.2 is due to
_Lazarow [38]. The notion of regular open sets in this setting was first used
by _Lazarow, Johnson and Wilczyński [40] and, independently, by Ciesielski and
Larson [17, 15].



I-DENSITY CONTINUOUS FUNCTIONS 45

Lemma 2.2.4 and Example 2.2.5 has been proved by Ciesielski and Larson in
[14] and [15], respectively. Lemma 2.2.6 was originally proved by Aversa and
Wilczyński [1, Lemma 4].

Lemma 2.3.1 and Theorem 2.3.2 were originally proved by Poreda, Wagner-
Bojakowska and Wilczyński [57], although Theorem 2.3.2 was first stated, with-
out any proof, by Wilczyński [66].

Essentially all the results from Section 2.4 are interpretations of results due
to Zaj́ıček [72]. Related results are contained in [71].

The class of I-approximately continuous functions was defined by Poreda,
Wagner-Bojakowska and Wilczyński [57]. In the same paper they also prove
the two-sided version of Theorem 2.5.2. The version of this theorem presented
here has been proved by Ciesielski and Larson [17]. The same authors presented
Example 2.5.4 [14]. Properties from Theorem 2.6.2 can be found in [57] in the
cases of (i), (iii) (for separability), (iv) and (v), in [58] in the case of (ii), in [15]
in the case of (vi) and in [22] in the case of (vii). Part of (iii), concerning the
Lindelöf property, and (viii) have never been published before.

The deep-I-density topology was first introduced by _Lazarow [38] and, in-
dependently, by Poreda and Wagner-Bojakowska [56]. Both these papers es-
sentially contain Theorems 2.7.3, 2.7.5, 2.7.6, Corollaries 2.7.4, 2.7.7 and the
equivalence of (i) and (iii) from Lemma 2.7.1. The equivalence of condition (ii)
of this lemma with the remaining condition seems not to have been previously
published.

Properties from Theorem 2.7.8 can be found in [38] and [56] in the cases of
(i), (iii) and (iv) (for regularity), in [56] in the case of (iv) (for normality), in
[15] in the cases of (ii) and (vi) and in [22] in the case of (vii). Condition (viii)
has never been published before.

Lemma 2.8.1 and Theorem 2.8.2 have been proved by Ciesielski and Larson
[15]. The examples showing that TN �⊂ TI and TI �⊂ TN can be also found in
[1].
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CHAPTER 3

I-density Continuous Functions

In this chapter, the I-density continuous and deep-I-density continuous func-
tions are defined and some of their properties are explored. In particular, the
relationships between these classes and the classes of continuous, C∞and analytic
functions are presented.

3.1. I-density and Deep-I-density Continuous Functions

A function f : R → R is I-density continuous if it is continuous with respect
to the I-density topology TI on both the domain and the range. The class
of all I-density continuous functions is denoted by CII . Similarly, a function
f : R → R is deep-I-density continuous, if it is continuous with respect to the
deep-I-density topology TDon both the domain and the range. The class of all
deep-I-density continuous functions is denoted by CDD.

The following definitions will be needed for technical reasons. The function
f : R → R is I-density continuous at the point x if whenever f(x) ∈ B ∈ B such
that f(x) is an I-density point of B, then x is an I-density point of f−1(B). By
only requiring x to be a left or right I-density point of f−1(B), the definitions
of pointwise left and right I-density continuity are obtained. Right, left and
bilateral deep-I-density continuity of f at the point x are defined similarly.

The following propositions are clear from the definitions.

Proposition 3.1.1. The function f : R → R is I-density (deep-I-density)
continuous at a point x ∈ R if, and only if, f is simultaneously right and left
I-density (deep-I-density) continuous at x.

Proposition 3.1.2. Let f : R → R and x ∈ R. The following conditions are
equivalent.

(i): f is I-density (deep-I-density) continuous at x.
(ii): For every B ∈ B, if f(x) ∈ B and f(x) is an I-density (deep-I-
density) point of B, then x is an I-density (deep-I-density) point of
f−1(B).

(iii): For every B ∈ B, if f(x) �∈ B and f(x) is an I-dispersion (deep-
I-dispersion) point of B, then x is an I-dispersion (deep-I-dispersion)

47
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point of f−1(B).

To find relationships between the classes CII and CDD, the following lemma
is needed.

Lemma 3.1.3. Let X be a completely regular topological space and Y any topo-
logical space. The following are equivalent:

(i): the function f : Y → X is continuous;
(ii): the function g ◦ f : Y → [0, 1] is continuous for every continuous
g : X → [0, 1].

Proof. The implication (i)⇒(ii) is obvious. (ii)⇒(i) follows immediately
from the fact that, for a completely regular space X, the family

{g−1([0,
1
2
)) : g : X → [0, 1] is continuous}

is a base for X.

In particular, because TD is completely regular (Theorem 2.7.5) and CIO =
CDO (Corollary 2.7.7), we obtain

Corollary 3.1.4. For every function f : R → R

f ∈ CDD if, and only if, g ◦ f ∈ CIO for every g ∈ CIO.

Now we are ready to prove

Theorem 3.1.5. Every I-density continuous function is deep-I-density con-
tinuous; i.e.,

CII ⊂ CDD ⊂ CDO = CIO.

Proof. To prove the first inclusion let f ∈ CII . Then, evidently, g ◦ f ∈ CIO
for every g ∈ CIO. Hence, by Corollary 3.1.4, f ∈ CDD. The second inclusion is
an immediate consequence of the definitions. The equation is a restatement of
Corollary 2.7.7.

In particular, as a consequence of Corollary 2.5.3 we obtain

Corollary 3.1.6. If f ∈ CII or f ∈ CDD, then f is a Darboux Baire 1
function.

Easy examples of deep-I-density continuous functions are obtained from the
following propositions. Others will follow in the next sections.

Proposition 3.1.7. Linear functions, f(x) = ax+b, are deep-I-density con-
tinuous.
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Proof. Translations of x such as f(x) = x + b are evidently deep-I-density
continuous, as the deep-I-density topology is translation invariant. Thus, since
the class CDD is closed under composition, it is enough to argue for functions
like f(x) = ax. But the proposition now follows from known properties of I-
dispersion points, such as those contained in Theorem 2.2.2(iii).

We say that a function f is piecewise linear, if every point of its domain has
right and left neighborhoods on each of which f is linear. More generally, a
function f satisfies a condition P piecewise if every point of its domain has right
and left neighborhoods on each of which f satisfies condition P .

Notice that Propositions 3.1.1 and 3.1.7 immediately imply the following corol-
lary.

Corollary 3.1.8. Every piecewise linear function is I-density continuous.

3.2. Homeomorphisms and I-density

In this section I-density continuous homeomorphisms are examined. We also
introduce and investigate the functions which preserve I-density and deep-I-
density points.

Let H be the class of all homeomorphisms from R (or any subinterval) to R

(or any subinterval). It will be shown that the inclusion CII ⊂ CDD is proper
(even in the class of continuous functions) and that H �⊂ CDD. However, first we
present the following theorem.

Theorem 3.2.1. Let f : R → R be such that f−1(E) ∈ I for every E ∈ I.
Then f is deep-I-density continuous if, and only if, f is I-density continuous.
In particular,

H ∩ CII = H ∩ CDD.

Proof. The inclusion CII ⊂ CDD follows from Theorem 3.1.5.
To prove the converse, choose f ∈ CDD satisfying the assumption and let f(x)

be an I-density point of E ∈ B with f(x) ∈ E. Then, f(x) is an I-density point
of Ẽ and, by the regularity of Ẽ, f(x) is also a deep-I-density point of Ẽ. (See
Corollary 2.7.2.) Thus, x is a deep-I-density point of f−1(Ẽ). Moreover, by the
assumption,

f−1(Ẽ)�f−1(E) = f−1(Ẽ�E) ∈ I.
So, by Lemma 2.3.1(iii), x is an I-density point of f−1(E).

The additional part follows easily from the fact that homeomorphisms satisfy
the assumption.

Let A denote the class of all analytic functions from R (or any subinterval)
to R. It is easy to see that Theorem 3.2.1 implies that A ∩ CII = A ∩ CDD.
However, it will be shown in the following sections that A ⊂ CII , which makes
this observation trivial.
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Now consider the following notions dual to those of I-density and deep-I-den-
sity continuity at a point. A function h : R → R preserves I-density points, if for
every B ∈ B, h(x) is an I-density point of h(B) whenever x is an I-density point
of B. Similarly defined are functions that preserve deep-I-density points. The
notions of preserving I-dispersion points and deep-I-dispersion points are similar
to the above. The left-hand and right-hand versions of the above definitions are
defined in the obvious way.

The following lemma is an easy consequence of Theorem 3.2.1 and Proposition
3.1.2.

Lemma 3.2.2. If h ∈ H is a homeomorphism, then the following are equiva-
lent:

(i): h−1 is I-density continuous;
(ii): h−1 is deep-I-density continuous;
(iii): h preserves I-density points;
(iv): h preserves deep-I-density points;
(v): h preserves I-dispersion points;
(vi): h preserves deep-I-dispersion points.

Corollary 3.2.3. If f is piecewise homeomorphic, then f preserves I-den-
sity points if, and only if, f preserves deep-I-density points.

The following lemma shows that piecewise homeomorphisms which preserve
I-density points form a lattice. Similar results for I-density and deep-I-density
continuous functions will be proved in Proposition 3.2.15.

Lemma 3.2.4. If f and g are piecewise preserving I-density points, then both
min{f, g} and max{f, g} also preserve I-density points.

Proof. Let f and g be piecewise homeomorphic functions that preserve I-
density points. It is clear that a function h preserves I-density points if, and
only if, −h preserves I-density points. Thus, by Lemma 3.2.2 and the fact that
min{f, g} = −max{−f,−g}, it is enough to prove that h = max{f, g} preserves
deep-I-dispersion points.

So, let B ∈ B and let p �∈ B be a deep-I-dispersion point of B. It is enough
to prove that h(p) is an I-dispersion point of h(B).

Without any loss of generality it may be assumed that p = f(p) = g(p) =
h(p) = 0 and that B ⊂ (0,∞), as the left hand case is similar. By Lemma 2.7.1
we may also assume that B =

⋃
n∈N(an, bn) is a right interval set such that f

and g are strictly monotone on (0, b1).
We use Theorem 2.2.2(viii) for this proof. Fix an increasing sequence {nk}k∈N

of natural numbers and a nonempty interval (a, b) ⊂ (−1, 1). We must find a
nonempty subinterval (c, d) ⊂ (a, b) and a subsequence {nkp}p∈N of {nk}k∈N

such that for every p ∈ N

(c, d) ∩ nkp max{f, g}(B) = ∅;
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i.e., such that

1
nkp

(c, d) ∩max{f, g}(B) = ∅.(23)

Using Theorem 2.2.2(viii) twice, once for each of the functions f and g, we
can find a nonempty subinterval (c, d) ⊂ (a, b) and a subsequence {nkp

}p∈N of
{nk}k∈N such that for every p ∈ N

1
nkp

(c, d) ∩ f(B) = ∅ and
1

nkp

(c, d) ∩ g(B) = ∅.

But it is easy to see that

1
nkp

(c, d) ∩ f((an, bn)) = ∅ and ,
1

nkp

(c, d) ∩ g((an, bn)) = ∅

implies
1

nkp

(c, d) ∩max{f, g}((an, bn)) = ∅

for every p, n ∈ N. Condition (23) and Lemma 3.2.4 follow.

The next theorem is used to establish the existence of several interesting
examples.

Theorem 3.2.5. Let f ∈ C∞ be such that for every n ≥ 0

f (n)(0) = 0 and , f (n)((0, εn)) ⊂ (0,∞) for some εn > 0.

Then f is not deep-I-density continuous and does not preserve deep-I-density
points.

Before proving this theorem we state three immediate consequences.

Corollary 3.2.6. There exists a C∞ homeomorphism which is not I-density
continuous and does not preserve I-density points. In particular,

H ∩ C∞ �⊂ CDD.

Proof. Define

f(x) =


e−x−2

x > 0
0 x = 0
−e−x−2

x < 0

It is known that f ∈ C∞ and that f (n)(0) = 0 for all n ∈ N. It is also easy to
see that for every n ∈ N there exists εn > 0 such that f (n)(x) > 0 for every
x ∈ (0, εn). Use of Theorem 3.2.5 finishes the proof.

The next corollary shows that the full analogue of Theorem 1.4.3 for I-density
continuous functions cannot be proved.

Corollary 3.2.7. There exists a convex C∞ function which is not deep-I-
density continuous and does not preserve I-density and deep-I-density points.
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Proof. Define g : (−∞, 0.5) → R by

g(x) =

{
e−x−2

x ∈ (0, 0.5)
0 x ∈ (−∞, 0]

Examining the second derivative of g it is easy to see that g is convex on
(−∞, 0.5). The other properties follow as in Corollary 3.2.6.

Corollary 3.1.8 and the existence of a continuous function which is not I-den-
sity continuous (Corollary 3.2.6) imply immediately

Corollary 3.2.8. The classes CII and CDD are not closed under uniform
convergence.

The following lemma is needed for the proof of Theorem 3.2.5.

Lemma 3.2.9. Let f ∈ C∞ be such that for every n ≥ 0

f (n)(0) = 0 and f (n)((0, εn)) ⊂ (0,∞), for some εn > 0.

Then

lim
x→0+

f(ax)
f(x)

= 0,

for every a ∈ (0, 1).

Proof. Let a ∈ (0, 1) and n ∈ N. Moreover, choose ε > 0 such that 0 < ε <

εk for every k ≤ n + 1. In particular, f (n) is increasing on (0, ε), and so∣∣∣∣f (n)(aξ)
f (n)(ξ)

∣∣∣∣ < 1 for every ξ ∈ (0, ε).

Now let x ∈ (0, ε) and let g(x) = f(ax). Using Cauchy’s Generalized Mean
Value Theorem n-times we can find ξ ∈ (0, x) such that∣∣∣∣f(ax)

f(x)

∣∣∣∣ =
∣∣∣∣ g(x)
f(x)

∣∣∣∣ =
∣∣∣∣ g(n)(ξ)
f (n)(ξ)

∣∣∣∣ = |an|
∣∣∣∣f (n)(aξ)
f (n)(ξ)

∣∣∣∣ < an.

Thus,

lim
x→0+

f(ax)
f(x)

= 0.

Proof of Theorem 3.2.5. Any function f with the described properties is a
homeomorphism in a right neighborhood of 0. So, by Theorem 3.2.1, it is enough
to prove that f is not right I-density continuous at 0 and does not preserve 0 as
a right I-density point.

We start with a proof that f is not right I-density continuous at 0. Let
Dn = { i

2n : i = 1, 2, . . . , 2n} for n ∈ N. First notice that if a sequence {nk}k∈N

satisfies

nk+1 > 2knk for every k ∈ N,(24)
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then
min

1
nk

Dk =
1
nk

1
2k

>
1

nk+1
= max

1
nk+1

Dk+1.

This means that if {si}i>1 is a decreasing ordering of D =
⋃

k∈N
1
nk

Dk, then

1
nk

Dk = {si : 2k ≤ i < 2k+1}.

A sequence {nk}k∈N will be defined by induction on k such that it will satisfy
condition (24) and for every k > 0

f(si)
f(si−1)

≤ 1
k

for 2k ≤ i < 2k+1.(25)

Put n1 = 1 and assume that nk−1 has already been chosen for some k > 1.
Choose nk > 2k−1nk−1 such that

f( 2k−1
2k x)

f(x)
<

1
k
, for all x ∈ (0,

1
nk

).

Such a choice is possible by Lemma 3.2.9. Then, the above condition obviously
implies condition (25) for 2k < i < 2k+1. Increasing nk, if necessary, we can also
obtain condition (25) for i = 2k. This finishes the construction of D.

Now let {(an, bn)}n∈N be a sequence of pairwise disjoint intervals such that
every interval (an, bn) is centered at cn = f(sn) and that

lim
n→∞

bn − an
cn

= 0.

By (25),
lim
n→∞

cn+1

cn
= 0

so, by Lemma 2.1.6, 0 is an I-dispersion point of the interval set

E =
⋃
n∈N

(an, bn).

On the other hand, as in Example 2.2.5, we notice that for every subsequence
{nki}i∈N of {nk}k∈N, the set⋃

i∈N

nki
f−1(E) ⊃

⋃
i∈N

Dki

is dense and open in [0, 1]. So, 0 is not a right I-dispersion point of f−1(E) and
f is not I-density continuous at 0.

To prove the second part of the theorem, define a right interval set E =⋃
n∈N(an, bn) such that

lim
n→∞

(bn − an)/an = 0

and

f(bn) =
1
2
f(an), for every n ∈ N.(26)
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Such a choice can be made by Lemma 3.2.9. Then, by Lemma 2.1.7, there
exists an increasing sequence {nm}m∈N of natural numbers such that 0 is an
I-dispersion point of ⋃

m∈N

(anm
, bnm

),

while, by Lemma 2.2.6 and (26), 0 is not an I-dispersion point of

f

( ⋃
m∈N

(anm , bnm)

)
.

This finishes the proof of Theorem 3.2.5.
To prove the next theorem and find more I-density continuous homeomor-

phisms we need the following

Lemma 3.2.10. Let f, h : [0,+∞) → [0,+∞) be homeomorphisms such that

lim
x→0+

h−1(x)
f−1(x)

= 1.

Then for every 0 < c < c′ < d′ < d there exists ε0 > 0 such that for every
ε ∈ (0, ε0),

f ((εc′, εd′)) ⊂ h ((εc, εd)) .

Proof. Since c/c′ < 1 and d/d′ > 1 there exist a δ0 > 0 such that for every
x ∈ (0, δ0)

c

c′
<

h−1(x)
f−1(x)

<
d

d′
.(27)

Using the continuity of f−1 at 0, we can find ε0 > 0 such that

f((0, ε0d)) ⊂ (0, δ0).

Now let ε ∈ (0, ε0) and

x ∈ f((εc′, εd′)) ⊂ f((0, ε0d)) ⊂ (0, δ0).

So, (27) holds and f−1(x) ∈ (εc′, εd′); i.e.,

εc′ < f−1(x) < εd′.

Multiplying the above inequality by (27), we obtain

εc < h−1(x) < εd,

which implies x ∈ h ((εc, εd)).
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Theorem 3.2.11. Let f, h : [0,+∞) → [0,+∞) be homeomorphisms such that

lim
x→0+

h−1(x)
f−1(x)

= 1.

Then h is right I-density continuous at 0 if, and only if, f is right I-density
continuous at 0.

Proof. Without loss of generality we may assume that both functions are
increasing, as the decreasing case is essentially the same.

So assume that h is right I-density continuous at 0. It will be shown that
f is right I-density continuous at 0. This will finish the proof, as the converse
implication follows by exchanging f with h.

Choose B ∈ B, 0 �∈ B, which has 0 as an I-dispersion point. By the right hand
side versions of Theorem 3.2.1 and Corollary 2.7.4 we may assume that B is an
open right interval set. We will use condition (viii) of Theorem 2.2.2 to prove that
0 is a right I-dispersion point of f−1(B). So, choose an increasing sequence of
positive integers {nk}k∈N and a nonempty interval (a, b) ⊂ (0, 1). Because 0 is a
right I-dispersion point of h−1(B), there exists a nonempty interval (c, d) ⊂ (a, b)
and a subsequence {nkp

}p∈N of {nk}k∈N such that for every p ∈ N

(c, d) ∩ nkph
−1(B) = ∅.

But this last condition is equivalent to

h

((
1

nkp

c,
1

nkp

d

))
∩B = ∅.

Now let 0 < c < c′ < d′ < d. Then, by Lemma 3.2.10,

f

(
1

nkp

c′,
1

nkp

d′
)
⊂ h

(
1

nkp

c,
1

nkp

d

)
for almost all p ∈ N. This implies that for almost all p ∈ N

f

((
1

nkp

c′,
1

nkp

d′
))

∩B = ∅,

or
(c′, d′) ∩ nkp

f−1(B) = ∅.
Therefore, Theorem 2.2.2(viii) is satisfied. This finishes the proof of Theorem
3.2.11.

Corollary 3.2.12. If h is a differentiable function on R, or on any subin-
terval of R, with nonzero derivative everywhere, then h is I-density continuous.

Proof. It is enough to prove that h is right I-density continuous at 0, while
h(0) = 0. For this case, let a = h′(0) and let f(x) = ax. An elementary
calculation shows that the assumption of Theorem 3.2.11 is satisfied.

We can also conclude
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Corollary 3.2.13. The classes CII , CDD, CII ∩ C∞ and CDD ∩ C∞ are not
closed under addition.

Proof. Let f be as in Corollary 3.2.6. Define g(x) = f(x)+x and h(x) = −x.
Then, by Corollary 3.2.12, the functions g and h are C∞ I-density continuous
homeomorphisms, while f = g + h is not.

The same example as in Corollary 3.2.13 also gives the following corollary,
which contradicts a theorem of Aversa and Wilczyński [1, Theorem 4]. Thus,
the oversight in their proof cannot be repaired.

Corollary 3.2.14. The class of all C∞ homeomorphisms preserving I-den-
sity points is not closed under addition.

We will finish this section with the following proposition, similar to Lemma
3.2.4, which will be used in the next section.

Proposition 3.2.15. The classes CII of I-density continuous functions and
CDD of deep-I-density continuous functions are closed under the supremum and
infimum operation applied to a finite number of functions.

Proof. We prove this only for CII . For CDD the same proof works. Only
two functions need be considered in the proof.

Let f, g ∈ CII , h = max{f, g} and x0 ∈ R. Assume first that h(x0) =
f(x0) > g(x0) and that m ∈ (g(x0), f(x0)). If G is an I-density neighborhood
of f(x0) contained in (m,∞), then H = f−1(G)∩ g−1((−∞,m)) is an I-density
neighborhood of x0 with the property that h|H = f |H. This implies that h

is I-density continuous at x0. A symmetrical argument handles the case when
h(x0) = g(x0) > f(x0).

Now, assume f(x0) = g(x0) = h(x0) and let G be an I-density neighborhood
of h(x0). Both f−1(G) and g−1(G) are I-density neighborhoods of x0, so H =
f−1(G) ∩ g−1(G) is also an I-density neighborhood of x0. If x ∈ H, then
f(x) ∈ G and g(x) ∈ G, so h(x) = max(f(x), g(x)) ∈ G. From this, it follows
that h−1(G) ⊃ H and h is I-density continuous at x0.

Therefore CII is closed under the operation of taking the maximum of two
functions. Since min(f(x), g(x)) = −max(−f(x),−g(x)), we see CII is also
closed under the minimization operation.

3.3. Addition within H ∩ CII
In the previous section we concluded that the classes CII , CDD and the class of

functions preserving I-density points are not closed under addition. In fact, we
found an increasing homeomorphism g ∈ CII ∩CNN such that h(x) = g(x)−x is
a homeomorphism which does not preserve I-density points and h �∈ CII ∪CNN .
However, there are some positive things which can be proved in this direction.

The purpose of this section is to prove that the sum of two increasing I-density
continuous homeomorphisms is I-density continuous and that the sum of two
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increasing homeomorphisms preserving I-density points is a homeomorphism
that preserves I-density points.

To prove the first of these theorems we need the following lemmas.

Lemma 3.3.1. Let D ∈ B be such that 0 is not a right I-dispersion point of D.
Then there exists an increasing sequence {tk}k∈N of positive numbers diverging
to infinity and a nonempty interval (a, b) ⊂ (0, 1) such that(

lim inf
k→∞

tkD

)
is dense in (a, b).

Proof. Since 0 is not a right I-dispersion point of D then, by Theorem
2.2.2(iii), there exists an increasing sequence {sn}n∈N of positive numbers di-
verging to infinity such that for each of its subsequences {snk

}k∈N(
lim sup
k→∞

snk
D

)
∩ (0, 1) �∈ I.(28)

Let (pk, qk) ⊂ (0, 1) be a sequence containing all nonempty intervals with
rational endpoints. Let us construct, by induction on k, sequences {skn}n∈N such
that {s0

n}n∈N = {sn}n∈N and {skn}n∈N is a subsequence of {sk−1
n }n∈N such that(

lim sup
n→∞

sknD

)
∩ (pk, qk) = ∅ or

(
lim inf
n→∞

sknD
)
∩ (pk, qk) �= ∅.(29)

To see that this is possible, suppose that the left-hand equation from (29) cannot
be satisfied with any subsequence of {sk−1

n }n∈N. Then,
∞⋂
n=1

∞⋃
m=n

sk−1
m D ∩ (pk, qk) �= ∅.

This implies there is an x ∈ (pk, qk) such that for each n ∈ N there exists an
mn > n with x ∈ sk−1

mn
D. There is no generality lost with the assumption that

mn is an increasing sequence. Define skn = sk−1
mn

. Then

x ∈
∞⋂
n=1

sknD ⊂
(
lim inf
n→∞

sknD
)
∩ (pk, qk),

and the right-hand expression from (29) is satisfied.
Put tk = skk. Then, by (28), (lim supk→∞ tkD)∩ (0, 1) �∈ I; i.e., there exists a

nonempty interval (a, b) ⊂ (0, 1) such that(
lim sup
k→∞

tkD

)
is dense in (a, b).

But this, together with (29), guarantees also(
lim inf
k→∞

tkD

)
is dense in (a, b).

This finishes the proof of Lemma 3.3.1.
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Lemma 3.3.2. Suppose h : R → R is an increasing I-density continuous home-
omorphism such that h(0) = 0 and let {tk}k∈N be an increasing sequence of pos-
itive numbers diverging to infinity. Then for every nontrivial interval [a, b] ⊂
(0, 1) there exists a nonempty interval (c, d) ⊂ (a, b) and a subsequence {tki}i∈N

of {tk}k∈N such that the limit

lim
i→∞

h(c/tki)
h(d/tki)

exists and is positive.

Proof. By way of contradiction assume that it cannot be done; i.e., that

lim sup
k→∞

h(c/tk)
h(d/tk)

= 0 for every a ≤ c < d ≤ b.(30)

We will show that this contradicts the I-density continuity of h.
So, let {qk : k ∈ N} be an enumeration of Q = [a, b]∩Q and for each i ∈ N let

d1, . . . , di be a decreasing enumeration of q1, . . . , qi. Choose {tki
}i∈N such that

h(b/tki+1)
h(a/tki

)
≤ h(dj+1/tki)

h(dj/tki
)

≤ 1
i

for every j < i, i ∈ N.(31)

This can be done by (30). Let

Ui =
⋃
j≤i

h(dj/tki)
(

1− 1
i
, 1 +

1
i

)

and put U =
⋃

i∈N Ui. Then, by (31) and Lemma 2.1.6, 0 is an I-dispersion point
of U . But 0 is not an I-dispersion point of h−1(U), since for any subsequence
{tm}m∈N of {tki

}i∈N the open set⋃
m≥m0

tmh−1(U) ⊃ Q

is dense in (a, b) for every m0 ∈ N, and so,

(−1, 1) ∩ lim sup
m→∞

(tmh−1(U)) �∈ I.

This finishes the proof of Lemma 3.3.2.

Lemma 3.3.3. Let a < b, Hk : [a, b] → R be a sequence of increasing homeo-
morphisms such that there exists a dense subset Q of [a, b] containing a and b

such that the limit H(q) = limk→∞ Hk(q) exists for every q ∈ Q. If H(Q) is
dense in [H(a), H(b)] and H(x) = inf H(Q ∩ [x,∞)) for every x ∈ [a, b], then
Hk converges uniformly to H.
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Proof. It can be proved that the functions Hk are equicontinuous. Then an
appropriate version of the Ascoli-Arzelá Theorem implies the lemma. However,
the proof showing the equicontinuity of Hk is essentially as complicated as the
elementary proof presented below.

First notice that the function H(q) = limk→∞ Hk(q) on Q is nondecreasing,
so H(q) = inf H(Q ∩ [q,∞)) for every q ∈ Q.

Let us fix ε > 0. For x ∈ [a, b] choose distinct q1, q2 ∈ Q, q1 ≤ x ≤ q2, such
that q1 < x < q2 for x ∈ (a, b) and

|H(q2)−H(q1)| < ε/5.

Let Nx ∈ N be such that

|H(qi)−Hn(qi)| < ε/5

for every n > Nx and i = 1, 2. Put Ux = (q1, q2) for x ∈ (a, b), Ux = [q1, q2) for
x = a and Ux = (q1, q2] for x = b. Thus, Ux is an open neighborhood of x in
[a, b] and, for every y ∈ Ux and n > Nx,

H(q1) ≤ H(y) ≤ H(q2) and Hn(q1) ≤ Hn(y) ≤ Hn(q2),

so that

|H(y)−Hn(y)| ≤ |H(y)−H(q2)|+ |H(q2)−Hn(q2)|+ |Hn(q2)−Hn(y)|
< |H(q1)−H(q2)|+ ε/5 + |Hn(q2)−Hn(q1)|
< ε/5 + ε/5 + |Hn(q2)−H(q2)|+ |H(q2)−H(q1)|

+ |H(q1)−Hn(q1)|
< ε/5 + ε/5 + ε/5 + ε/5 + ε/5 = ε.

Choose a finite subcover {Ux1 , . . . , Uxk
} of the open cover {Ux}x∈[a,b] of [a, b]

and put N = sup{Nx1 , . . . , Nxk
}. Then we obtain

|H(y)−Hn(y)| < ε

for every y ∈ [a, b] and n > N . The proof of Lemma 3.3.3 is finished.

Lemma 3.3.4. Suppose h : R → R is an increasing I-density continuous home-
omorphism such that h(0) = 0 and let [a, b] ⊂ (0, 1) be a nontrivial interval. If
{sk}k∈N and {tk}k∈N are increasing sequences of positive numbers diverging to
infinity such that Hk(x) = skh(x/tk) ∈ [0, 1] for every x ∈ [a, b], then there exists
a nonempty interval (c, d) ⊂ (a, b) and a subsequence {Hki}i∈N of {Hk}k∈N such
that the sequence Hki

|[c,d] converges uniformly to a function H : [c, d] → [0, 1].
Moreover, if lim infk Hk(a) > 0, then the function H is one-to-one.

Proof. First notice that the functions Hk are increasing.
Let Q = {qi : i ∈ N} be a dense subset of [a, b] containing a and b. The

functions Hk|Q are elements of the compact metric space [0, 1]Q. So, there exists
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a subsequence {Hki}i∈N of {Hk}k∈N that converges in [0, 1]Q; i.e., such that for
every j ∈ N there exists H(qj) ∈ [0, 1] with the property that

lim
i→∞

Hki
(qj) = H(qj).

If H(qr) = 0 for some qr ∈ (a, b) then, by Lemma 3.3.3, the interval [c, d] =
[a, qr] and a function H = 0χ

[c,d] suffice. So, decreasing [a, b], if necessary, we
can assume that H(a) > 0. The same is true when lim infk Hk(a) > 0.

We prove that

P = cl (H(Q ∩ [a′, b′])) ⊂ (0, 1](32)

is not nowhere dense for every nonempty interval (a′, b′) ⊂ (a, b) such that a′, b′ ∈
Q. Notice that this will finish the proof, because it implies the existence of a
nontrivial interval [c, d] ⊂ [a, b], c, d ∈ Q, such that H(Q ∩ [c, d]) is dense in
[H(c), H(d)]. So, Lemma 3.3.3 gives the desired uniform convergence. Moreover,
condition (32) guarantees that H will be one-to-one on [c, d].

By way of contradiction assume condition (32) fails; i.e., that P is nowhere
dense for some nonempty interval (a′, b′) ⊂ (a, b) such that a′, b′ ∈ Q. Choosing
a subsequence, if necessary, we can assume that

lim
i→∞

ski/ski+1 = lim
i→∞

s−1
ki+1

/s−1
ki

= 0.

Then, by Lemma 2.8.1, there exists an open set W ⊃
⋃

i∈N s−1
ki

P such that 0
is an I-dispersion point of W . We will construct a set V such that 0 is not an
I-dispersion point of V , while h(V ) ⊂ W ; i.e., h(0) = 0 is an I-dispersion point
of h(V ). This contradicts the assumption that h is I-density continuous.

So, choose a countable base {Ii}i∈N of [a′, b′] and for every i, j ∈ N, j ≤ i,
choose qi,j , q

′
i,j ∈ Q such that qi,j < q′i,j , [qi,j , q′i,j ] ⊂ Ij , and

H([qi,j , q′i,j ]) ⊂ skiW.(33)

This can be done, since P ⊂ ski
W , so the distance di between P and the comple-

ment of ski
W is positive and any interval [qi,j , q′i,j ] for which H(q′i,j)−H(qi,j) <

di satisfies condition (33). Moreover, choosing a subsequence of {ki}i∈N, if nec-
essary, we can also assume that for every i, j ∈ N, j ≤ i, Hki

(qi,j) and Hki
(q′i,j)

are closer to H(qi,j) than di. This means that

Hki((qi,j , q
′
i,j)) ⊂ skiW for every i, j ∈ N, j ≤ i.(34)

Let Vi =
⋃

j≤i(qi,j , q
′
i,j) and

V =
⋃
i∈N

1
tki

Vi.

Then, by (34),

h

(
1
tki

Vi

)
=

1
ski

[
skih

(
1
tki

Vi

)]
=

1
ski

Hki(Vi) ⊂
1
ski

[skiW ] = W
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for every i ∈ N and, indeed, h(V ) ⊂ W .
On the other hand, 0 is not an I-dispersion point of V , since for any subse-

quence {tkip
}p∈N of {tki}i∈N the set

⋃
p≥p0

tkip
V ⊃

⋃
p≥p0

Vip is open and dense
in (a′, b′) for every p0 ∈ N, and so,

(−1, 1) ∩ lim sup
p→∞

(tkip
V ) �∈ I.

This finishes the proof of Lemma 3.3.4.

It is necessary in Lemma 3.3.4 to impose some condition such as I-density
continuity on the function h. To see this, let fn be a sequence of increasing
homeomorphisms from [1/2, 1] onto itself which converge pointwise to a function
f , which is discontinuous on a dense subset of [1/2, 1]. (Such a sequence is a bit
tedious to construct and will be left as an exercise for the reader.) For n ∈ N

and x ∈ [21−n, 2−n] let

h(x) =
fn(2n−1x)

2n−1
.

Apparently, if sk = tk = 2k−1 and (a, b) = (1/2, 1), then the conclusion of
Lemma 3.3.4 cannot be satisfied.

Lemma 3.3.5. Let f and g be increasing homeomorphisms such that f(a) =
g(a) for some a ∈ R. If g(x) ≤ f(x) for every x ≥ a and f is right I-density
continuous at a then f + g is also right I-density continuous at a.

Proof. Without loss of generality we may assume that a = f(a) = g(a) = 0.
Let D be an open interval set for which 0 is not an I-dispersion point. By Lemma
2.7.1(iii) (or Corollary 2.7.4) it is enough to prove that 0 is not an I-dispersion
point of (f + g)(D).

By Lemma 3.3.1, there is an increasing sequence {tk}k∈N of positive numbers
diverging to infinity and a nontrivial interval [a, b] ⊂ (0, 1) such that

Q = lim inf
k→∞

tkD ∩ (a, b) is dense in (a, b).(35)

Now, by Lemma 3.3.2 used for the function f , the sequence {tk}k∈N and the
interval [a, b], we may find a subsequence {tki}i∈N of {tk}k∈N, and a nonempty
interval (c, d) ⊂ (a, b) such that

lim
i→∞

f(c/tki)/f(d/tki) > 0.

Without loss of generality we may assume that {tki}i∈N = {tk}k∈N and [c, d] =
[a, b]; i.e., that

lim
k→∞

f(a/tk)
f(b/tk)

> 0.(36)
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Let sk = 1/(f + g)(b/tk), Fk(x) = skf(x/tk) and Gk(x) = skg(x/tk) for
x ∈ [0, 1]. Then,

(Fk + Gk)(x) = sk(f + g)(x/tk) ∈ [0, 1] for x ∈ [a, b], k ∈ N,(37)

sk(f + g)(b/tk) = (Fk + Gk)(b) = 1

and, by condition (36) and the inequality g(x) ≤ f(x) for x ≥ 0,

lim inf
k→∞

Fk(a) = lim inf
k→∞

skf(a/tk)

= lim inf
k→∞

f(a/tk)
(f + g)(b/tk)

(38)

≥ lim inf
k→∞

f(a/tk)
2f(b/tk)

> 0.

Using Lemma 3.3.4 twice, we can find a nonempty interval (c, d) ⊂ (a, b)
and a sequence {ki}i∈N of natural numbers such that {Fki |[c,d]}i∈N converges
uniformly to some function F and {Gki

|[c,d]}i∈N converges uniformly to a function
G. Moreover, by (38), we can also assume that F and F + G are increasing
homeomorphisms on [c, d]. Without loss of generality we may assume that [c, d] =
[a, b].

Let (A,B) = ((F + G)(a), (F + G)(b)) ⊂ (0, 1]. By (35), the set (F + G)(Q)
is dense in (A,B). But if q ∈ Q then, by (35), q/tk ∈ D for almost all k ∈ N.
So, for every sequence {ki}i∈N of natural numbers and every j ∈ N,

(F + G)(q) = lim
i→∞

ski
(f + g)(q/tki

) ∈ cl

⋃
i≥j

ski
(f + g)(D)

 ,

which implies that the set
⋃

i≥j ski(f + g)(D) is dense in (A,B). Thus, the Gδ

set

(−1, 1) ∩ lim sup
i→∞

ski
(f + g)(D) = (−1, 1) ∩

⋂
j∈N

⋃
i≥j

ski
(f + g)(D) �∈ I.

So, 0 is not an I-dispersion point of (f+g)(D). This finishes the proof of Lemma
3.3.5.

Theorem 3.3.6. If f and g are increasing I-density continuous homeomor-
phisms then f + g is I-density continuous.

Proof. Let f and g be the increasing I-density continuous homeomorphisms
and let a ∈ R. It is enough to prove that f +g is right I-density continuous at a.
Without loss of generality we may assume that f(a) = g(a). But, by Proposition
3.2.15, max{f, g} is an increasing I-density continuous homeomorphism and
min{f, g} ≤ max{f, g}. Hence, by Lemma 3.3.5,

f + g = min{f, g}+ max{f, g}
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is right I-density continuous at a. Theorem 3.3.6 is proved.

Corollary 3.3.7. If f and g are positive and increasing I-density continu-
ous homeomorphisms, then their product fg is also I-density continuous.

Proof. By Corollary 3.2.12, functions exp and ln are I-density continuous.
So, ln f and ln g are I-density continuous, as composition of I-density contin-
uous increasing homeomorphisms is an I-density continuous increasing homeo-
morphism. Thus, by Theorem 3.3.6,

fg = exp (ln f + ln g)

is also I-density continuous.

It might seem that in the above corollary the assumption that functions f and
g are positive is unnecessary, since it was not used in Theorem 3.3.6. However,
in general, the product of two increasing homeomorphisms does not to be a
homeomorphism. This can be used to construct the following example.

Example 3.3.8. There are two I-density continuous and increasing homeo-
morphisms f and g such that their product is not I-density continuous. In fact,
functions f and g also preserve I-density points, while their product does not.

Proof. Let g : (0,∞) → R be defined by g(x) = −1/x. Then, by Corollary
3.2.12, g is I-density continuous. To construct f : (0,∞) → R let

⋃
k∈N(ak, bk)

be a right interval set at 1 and put ck = 1 + 1/(k!). Define f on [ak, bk] by
f(x) = ckx and extend it on the remaining set in linear way. It is easy to see
that f is increasing. Also, (fg)(x) = −ck for all x ∈ [ak, bk]. So,

(fg)−1({−ck : k ∈ N}) ⊃
⋃
k∈N

(ak, bk)

what easily implies that fg is not I-density continuous. The fact that f is I-
density continuous follows immediately from Theorem 3.4.3 (used with uk = 1
and K = L = 2.)

To prove the theorem that f + g preserves I-density points, provided f and
g are increasing homeomorphisms preserving I-density points, we need the fol-
lowing lemma, analogous to Lemma 3.3.4.

Lemma 3.3.9. Let h : R → R be an increasing homeomorphism which pre-
serves I-density points such that h(0) = 0 and let {sk}k∈N and {tk}k∈N be in-
creasing sequences of positive numbers diverging to infinity such that Hk(x) =
skh(x/tk) ∈ [0, 1] for every x ∈ [0, 1]. Then for every nontrivial interval [a, b] ⊂
(0, 1), there exists a nonempty interval (c, d) ⊂ (a, b) and a subsequence {Hki

}i∈N

of {Hk}k∈N such that the sequence Hki |[c,d] converges uniformly to a function
H : [c, d] → [0, 1].

Moreover, if lim supk(Hk(b)−Hk(a)) > 0, then we can assume that the func-
tion H is one-to-one.
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Proof. Let Q = {qi : i ∈ N} be a dense subset of [a, b] containing a and
b. The functions Hk|Q are elements of the compact metric space [0, 1]Q. So,
there exists an increasing sequence {ki}i∈N of natural numbers such that Hki |Q
converges in [0, 1]Q; i.e., for every j ∈ N there exists H(qj) ∈ [0, 1] such that

lim
i→∞

Hki(qj) = H(qj).

Moreover, if lim supk(Hk(b)−Hk(a)) > 0, then we can also assume that

H(a) < H(b).

If H(a) = H(b) then, by Lemma 3.3.3, the interval [c, d] = [a, b] and the
function H = H(a)χ[c,d] work. So, we can assume that H(a) < H(b).

By Lemma 3.3.3 in order to prove the first part of Lemma 3.3.9 it is enough
to show that H(Q) is dense in [H(a), H(b)] ⊂ [0, 1]. So, by way of contradiction,
assume that H(Q) is not dense in [H(a), H(b)]. Then, there exists a nonempty
interval (A,B) ⊂ [H(a), H(b)] such that H(Q) ∩ [A,B] = ∅, and we can find
ai, bi ∈ Q, 0 < bi − ai < 1/i, such that H(ai) < A < B < H(bi) for every i ∈ N.
Now, taking a subsequence of {ki}i∈N, if necessary, we can conclude that

skih(ai/tki) = Hki(ai) < A < B < Hki(bi) = skih(bi/tki)

for every i ∈ N.
Let U =

⋃
i∈N t−1

ki
(ai, bi). Then, by Lemma 2.1.4, 0 is an I-dispersion point

of U . But,

[A,B] ⊂ (Hki
(ai), Hki

(bi)) = ski
h

(
t−1
ki

(ai, bi)
)
⊂ ski

h(U)

for every i ∈ N. So, by Theorem 2.2.2(viii), 0 is not I-dispersion point of h(U).
This contradicts the assumption that h preserves I-density points.

To prove the additional condition let us assume, by way of contradiction, that
H is not one-to-one on any nonempty interval (c, d) ⊂ (a, b). Then, the set

U =
⋃
{(c, d) ⊂ (a, b) : H(c) = H(d)}

is dense in (a, b) and the set H(U) is countable. In particular, the set P = [a, b]\U
is nowhere dense in [a, b], while H(P ) is dense in [H(a), H(b)]. We will show that
this implies h does not preserve right I-density at 0.

Choosing a subsequence of {ki}i∈N, if necessary, we may assume that

lim
i→∞

tki/tki+1 = lim
i→∞

t−1
ki+1

/t−1
ki

= 0.

Then, by Lemma 2.8.1, there exists an open set V ⊃
⋃

i∈N t−1
ki

P such that 0 is
an I-dispersion point of V . We will show that 0 is not an I-dispersion point of
the open set h(V ).
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So, let {kp}p∈N be an arbitrary subsequence of {ki}i∈N. Then, for every x ∈ P ,

H(x) = lim
p→∞

Hkp(x) = lim
p→∞

skph(x/tkp) ∈ cl

⋃
r≥p

skrh(V )

 ,

which implies that the set
⋃

r≥p skr
h(V ) is dense in [H(a), H(b)] for every p ∈ N.

Thus, the Gδ set

(0, 1) ∩ lim sup
p→∞

skph(V ) = (0, 1) ∩
⋂
r∈N

⋃
p≥r

skph(V ) �∈ I,

because it is dense in (H(a), H(b)) �= ∅. Now, by Theorem 2.2.2(iii), 0 is not an
I-dispersion point of h(V ). This finishes the proof of Lemma 3.3.9.

Theorem 3.3.10. If f and g are increasing homeomorphisms which preserve
I-density points, then f + g also preserves I-density points.

Proof. Let f and g be increasing homeomorphisms which preserve I-density
points and let a ∈ R. It is enough to prove that f + g preserves right I-density
at a. Without loss of generality we may assume that a = f(a) = g(a) = 0.
Suppose E is a right interval set such that 0 is a right I-density point of E.
Let {sk}k∈N be an increasing sequence of positive numbers diverging to infinity
and let 0 < A < B < 1. By Theorems 2.2.2(viii) and 3.2.1 and Corollary 2.7.4,
it suffices to prove that there exists a subsequence {ski}i∈N of {sk}k∈N and a
nonempty open interval J ⊂ (A,B) such that

J ⊂ ski
(f + g)(E)

for every i ∈ N.
Define

tk = 1/(f + g)−1(B/sk), ak = 1/(f + g)−1(A/sk),

Fk(x) = skf(x/tk) and Gk(x) = skg(x/tk)

and
Hk(x) = (Fk + Gk)(x) = sk(f + g)(x/tk).

Then, tk < ak, A = sk(f + g)(1/ak) and B = sk(f + g)(1/tk). In particular,

Hk

([
tk
ak

, 1
])

= sk(f + g)
(

1
tk

[
tk
ak

, 1
])

= [A,B].

Let {ki}i∈N be a sequence of natural numbers such that the following limits
exist

a = lim
i→∞

tki

aki

∈ [0, 1],

F (a) = lim
i→∞

Fki(a) and G(a) = lim
i→∞

Gki(a).

We will show that

(F + G)(a) = A.(39)
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By way of contradiction, assume that this is not the case. We will assume
that

ski
(f + g)(1/aki

) = A < (F + G)(a) = lim
i→∞

ski
(f + g)(a/tki

).

The other inequality is similar. Let A < C < (F + G)(a). Then,

ski(f + g)(1/aki) = A < C < ski(f + g)(a/tki)(40)

for almost all i ∈ N. Assume that (40) is true for all i ∈ N. Then,

f(1/aki
) + g(1/aki

)
f(a/tki) + g(a/tki)

=
ski

(f + g)(1/aki
)

ski(f + g)(a/tki)
<

A

C
< 1.

Hence, for every i ∈ N, either

f(1/aki
)

f(a/tki
))
≤ A

C
or

g(1/aki
)

g(a/tki
))
≤ A

C
.

Without loss of generality, passing to a subsequence, if necessary, we can assume
that for all n ∈ N

f
(

1
tki

tki

aki

)
f

(
1
tki

a
) =

f(1/aki)
f(a/tki

)
≤ A

C
< 1.

Let uki = f
(

1
tki

a
)
. Then

u−1
ki

f

(
1
tki

tki

aki

)
≤ A

C
< 1 = u−1

ki
f

(
1
tki

a

)
;

i.e., (
A

C
, 1

)
⊂ u−1

ki
f

(
1
tki

(
tki

aki

, a

))
(41)

for every i ∈ N. But, choosing a subsequence, if necessary, we can assume that

lim
i→∞

t−1
ki+1

/t−1
ki

= 0

and hence, by Lemma 2.1.4, 0 is an I-dispersion point of

D =
⋃
i∈N

1
tki

(
tki

aki

, a

)
.

On the other hand, by (41), (
A

C
, 1

)
⊂ u−1

ki
f(D)

for every i ∈ N; i.e., 0 is not an I-dispersion point of f(D). This contradicts the
assumption that f preserves I-density points. Condition (39) is proved.

Notice that condition (39) implies, in particular, that a < 1, since

lim
i→∞

(Fki + Gki)(1) = B > A = lim
i→∞

(Fki + Gki)(a).
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Using Lemma 3.3.9 twice for the functions Fki and Gki , and passing to a
subsequence, if necessary, we can find a nontrivial interval [c, d] ⊂ (a, 1) such
that {Fki |[c,d]}i∈N converges uniformly to some F and {Gki |[c,d]}i∈N converges
uniformly to a function G. Notice also that condition (39) implies that either
lim supk→∞(Fk(1)− Fk(a)) > 0 or lim supk→∞(Gk(1)−Gk(a)) > 0, since

lim sup
k→∞

(Fk(1)− Fk(a)) + (Gk(1)−Gk(a)) = H(1)−H(a)

= B −A > 0.

Thus, we can also assume that the function H = F +G is a homeomorphism on
[c, d].

By Theorem 2.2.2(viii), choosing a subsequence of {ki}i∈N and a subinterval
of (c, d), if necessary, we may also assume that

(c, d) ⊂ tkiE for every i ∈ N.

This implies

((Fki
+ Gki

)(c), (Fki
+ Gki

)(d)) = (Fki
+ Gki

)((c, d))

⊂ (Fki
+ Gki

)(tki
E)

= ski(f + g)
(

1
tki

(tkiE)
)

= ski
(f + g)(E).

Now, if c < c′ < d′ < d, then

A ≤ (F + G)(c) < (F + G)(c′) < (F + G)(d′) < (F + G)(d) ≤ B

so,

J = ((F + G)(c′), (F + G)(d′)) ⊂ (A,B)

and

J ⊂ ((Fki
+ Gki

)(c), (Fki
+ Gki

)(d)) ⊂ ski
(f + g)(E)

for i′s large enough, since {Fki +Gki} converges to F +G. Thus, we may assume
that

J ⊂ ski(f + g)(E) ∩ (A,B)

for every i ∈ N. This finishes the proof of Theorem 3.3.10.

Corollary 3.3.11. If f and g are positive and increasing homeomorphisms
preserving I-density points then their product fg also preserves I-density points.

Proof. See the proof of Corollary 3.3.7.
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3.4. More I-density Continuous Functions

In this section we show that functions from several classes are I-density con-
tinuous.

The next theorem is the main step in the proof that the analytic functions
are I-density continuous. However, it is of independent interest.

Theorem 3.4.1. The function f : R → R, f(x) = xα, is I-density continuous
for any α ∈ R.

Proof. By Corollary 3.2.12 it suffices to prove that, for α > 0, f is I-density
continuous from the right at 0. For those values of α for which xα is defined on
(−∞, 0), the left-hand argument is similar.

Let B ∈ B and let 0 be an I-dispersion point of B. By Corollary 2.7.4 and
Theorem 3.2.1 we may assume that B is a regular open interval set. We will
show that f−1(B) satisfies condition (viii) of Theorem 2.2.2. Let {nk}k∈N be
an arbitrary increasing sequence of natural numbers and let (a, b) ⊂ (0, 1) be
a nonempty interval. We will find a nonempty interval (c, d) ⊂ (a, b) and a
subsequence {nkm

}m∈N such that

(c, d) ∩
(
nkm

f−1(B)
)

= ∅.(42)

For every t > 0,

tf−1(x) = tx
1
α =

((
1
1
t

)α

x

) 1
α

= f−1

(
1

f
(

1
t

)x)
.

This means that (42) is equivalent to

(c, d) ∩ f−1

 1

f
(

1
nk

)B

 = ∅,

which in turn is equivalent to

f(c, d) ∩

 1

f
(

1
nk

)B

 = ∅.(43)

Let (a′, b′) = f((a, b)) and

tnk
=

1

f
(

1
nk

) .

Then {tnk
}k∈N is an increasing sequence diverging to infinity. Since 0 is an I-

dispersion point of B, we can use condition (ix) of Theorem 2.2.2 with (a′, b′)
and {tnk

} to find a nonempty subinterval (c′, d′) of (a′, b′) and a subsequence
{tnki

} of {tnk
} such that

(c′, d′) ∩
(
tnki

B
)

= ∅.
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Let
(c, d) = f−1(c′, d′) ⊂ f−1(a′, b′) = (a, b).

Then (43) is satisfied. This finishes the proof of Theorem 3.4.1.

Theorem 3.4.2. Analytic functions are I-density continuous; i.e.,

A ⊂ CII .

Proof. Let h ∈ A. It is enough to prove that h is I-density continuous at
0. We prove that h is right I-density continuous at 0. As usual, the left-hand
argument is similar.

Let h(x) =
∑∞

n=0 anx
n. We can assume that a0 = 0. Moreover, by Propo-

sition 3.1.7 and the fact that the class CII is closed under composition, we can
also assume that for i = min{n : an �= 0} we have ai = 1. Now let f(x) = xi.
Because h is analytic, h−1 exists on some right neighborhood of 0. Assume that
h−1 is positive on this neighborhood, the other case being similar. Then

1 = lim
x→0+

h(x)
xi

= lim
x→0+

h(h−1(x))
(h−1(x))i

= lim
x→0+

(
x1/i

h−1(x)

)i

=
(

lim
x→0+

f−1(x)
h−1(x)

)i

.

Hence,

lim
x→0+

h−1(x)
f−1(x)

= 1

and, by Theorems 3.4.1 and 3.2.11, h is I-density continuous at 0.

The last theorem of this section is the following.

Theorem 3.4.3. Let 0 be a right I-density point of a right interval set E =⋃
k∈N(ak, bk) ⊂ [0, 1] and let h : [−1, 1] → [−1, 1] be such that the restricted func-

tion h|(ak,bk) is a homeomorphism for every k ∈ N. Moreover, let us assume that
there exists a nondecreasing sequence {uk}k∈N of positive numbers and constants
K,L > 0 such that for every k ∈ N the functions

hk = ukh|{0}∪(ak,bk) : {0} ∪ (ak, bk) → [−K,K]

and
[
hk|(ak,bk)

]−1 satisfy the Lipschitz condition with constant L. Then h is
right I-density continuous at 0.

Before proving the theorem we state some immediate corollaries. First, recall
that a real function f satisfies a local Lipschitz condition, if for every point a

from the domain of f there is an open neighborhood U of a and a constant L > 0
such that |f(x) − f(y)| ≤ L|x − y| for every x, y ∈ U . The next corollary is a
generalization of Corollary 3.2.12.
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Corollary 3.4.4. If h is a homeomorphism such that h and h−1 fulfill a
local Lipschitz condition, then h and h−1 are I-density continuous.

Proof. To see that h is right I-density continuous at 0, use Theorem 3.4.3
with an arbitrary right interval set E having 0 as a right I-density point and
with uk = 1 for all k. The other cases can easily be reduced to this one.

The following corollary is also needed. It can be considered an I-density
analogue of Theorem 1.4.3. (Also compare it with Corollary 3.2.7.)

Corollary 3.4.5. Suppose 0 is a right I-density point of the right interval
set

⋃
k∈N(ak, bk) and let h : [−1, 1] → [−1, 1] be a convex function such that the

restricted functions h|(ak,bk) are linear homeomorphisms for every k ∈ N. Then
h is right I-density continuous at 0.

Proof. Let ck = h′((ak + bk)/2) for k ∈ N. Then, by the convexity of h, the
sequence {ck} is nonincreasing. Let c = infk∈N ck. Notice that c �= −∞, because
this would contradict the convexity of h on (−1, 1). If c �= 0, then h and h−1

satisfy a Lipschitz condition on a right neighborhood of 0 and, by Corollary 3.4.4,
this implies that h is I-density continuous at 0. If c = 0, we may also assume
that h(0) = 0. Then, evidently, the sequence uk = c−1

k is nondecreasing and the
derivative of ukh on (ak, bk) equals 1. Moreover, the convexity of h implies that
hk = ukh|{0}∪(ak,bk) : {0} ∪ (ak, bk) → [0, 1]. An application of Theorem 3.4.3
finishes the proof.

Notice that the assumption that h is convex in Corollary 3.4.5 is essential. To
see this, let 0 be an I-dispersion point of the right interval set E =

⋃
k∈N[ak, bk] ⊂

(0, 1) and let (0, 1] \ E =
⋃

k∈N(ck, dk). The homeomorphism h : [0, 1] → [0, 1]
transforming [ck, dk] onto [ak, bk] in a linear way is not right I-density continuous,
even though it satisfies all the assumptions of Corollary 3.4.5, except convexity.

Proof of Theorem 3.4.3. Let h be as in the assumptions. Replacing h(x)
by (h(x)− h(0))/K, if necessary, it may be assumed that h(0) = 0 and K = 1.

For k, n ∈ N, let

hk,n(x) = nhk

(
1
n
x

)
= nuk h

(
1
n
x

)
with domain {0} ∪ (nak, nbk).

Then, the functions hk,n and
[
hk,n|(nak,nbk)

]−1 also satisfy a Lipschitz condition
with L as the constant.

To prove that h is right I-density continuous at 0, let B ∈ B, 0 �∈ B, be
such that 0 is an I-dispersion point of B. It suffices to prove that 0 is a right
I-dispersion point of D = h−1(B) ∩ E. Notice that D̃ = h−1(B̃) ∩ E. Thus, it
may as well be assumed from the beginning that B is regular open and so is D.

It will be shown that 0 is an I-dispersion point of h−1(B) ∩ E by using
Theorem 2.2.2(viii).
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So, let {nk}k∈N be an increasing sequence of integers and let (a, b) ⊂ [−1, 1]
be a nonempty interval. We must find a nonempty interval (c, d) ⊂ (a, b) and a
subsequence {nkp}p∈N of {nk}k∈N such that for every p ∈ N

(c, d) ∩ nkp

(
h−1(B) ∩ E

)
= ∅.(44)

Evidently, we may now assume that (a, b) ⊂ (0, 1), since otherwise condition
(44) is obviously satisfied. Moreover, by the fact that 0 is a right I-density point
of E, we may also assume, choosing a subsequence of {nk}k∈N and a subinterval
of (a, b), if necessary, that (a, b) ⊂ nkE; i.e., that for every k ∈ N there exists
an mk such that (a, b) ⊂ nk(amk

, bmk
). In particular, (a, b) is a subset of the

domain of every hmk,nk
and mk ≤ mk+1 for every k ∈ N.

But the functions hmk,nk
and

[
hmk,nk

|(nkamk
,nkbmk

)

]−1

satisfy a Lipschitz
condition with constant L. So, the intervals hmk,nk

((a, b)) ⊂ hmk,nk
({0} ∪

(a, b)) ⊂ [−L,L] must have length at least (b − a)/L and, using Proposition
2.4.4, we may also assume, passing to a subsequence, if necessary, that for some
nonempty interval (a′, b′) ⊂ [−L,L] and every k ∈ N

(a′, b′) ⊂ hmk,nk
((a, b)).

Now, according to Theorem 2.2.2(ix) used with B, (a′, b′) and the divergent
sequence {umk

nk}k∈N, it may be assumed, by passing to a subsequence, if nec-
essary, that for some nonempty interval (c′, d′) ⊂ (a′, b′) and every k ∈ N

(c′, d′) ∩ umk
nkB = ∅.

This is equivalent to

nkh
−1

(
1

umk
nk

(c′, d′)
)
∩ nkh

−1 (B) = ∅.

But, for x in the domain of h−1
mk,nk

, we have

nkh
−1

(
1

umk
nk

x

)
= h−1

mk,nk
(x).

Thus, the above is equivalent to

h−1
mk,nk

((c′, d′)) ∩ nkh
−1 (B) = ∅.

But,
h−1
mk,nk

((c′, d′)) ⊂ h−1
mk,nk

((a′, b′)) ⊂ (a, b)

for every k ∈ N. Thus, using once again Proposition 2.4.4 and the fact that
the functions hmk,nk

satisfy a Lipschitz condition with the same constant L, we
may choose an increasing sequence {kp}p∈N of natural numbers and a nonempty
interval (c, d) such that for every p ∈ N

(c, d) ⊂ h−1
mkp ,nkp

((c′, d′)) ⊂ (a, b) ⊂ [−1, 1].



72 K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI

The last three conditions easily imply (44). The proof of Theorem 3.4.3 is fin-
ished.

a'nanbn+1an+1 bn

y = x

y = h(x)

y = x
2

'

Figure 3.1. Homeomorphism h from Example 3.4.6.

The last example of this section shows that there are I-density continuous
homeomorphisms which do not preserve I-density points. It also shows that in
Corollary 3.4.4 the local Lipschitz condition cannot be replaced by the analogous
property at each point.

Example 3.4.6. There is a homeomorphism h ∈ CII which does not preserve
I-density points at 0. Moreover, for every x ∈ R

1
2
|x| ≤ |h(x)− h(0)| ≤ |x|.
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Proof. For n ∈ N, n ≥ 2, let bn = 1
n! , an = 1

2 (bn+1 + bn), and a′n =
bn − 1

(n+1)! . Define the function h : R → R by putting h(x) = x for x ≤ 0 and
x ≥ 1

2 , h(bn) = bn, h(a′n) = an and let h be linear on every interval [a′n, bn] and
[bn+1, a

′
n]. (See Figure 3.1.)

It is easy to see that h satisfies the desired inequality. Moreover, by Lemma
2.1.4, 0 is an I-dispersion point of E =

⋃
n∈N(a′n, bn) while, by Lemma 2.2.6, 0

is not an I-dispersion point of h(E) =
⋃

n∈N(an, bn). Thus, h does not preserve
I-density points at 0.

The fact that h is I-density continuous follows immediately from Corollary
3.1.8 and Theorem 3.4.3 used with K = uk = 1 and L = 2.

3.5. I-density Continuous Functions are Baire*1

To prove the theorem of the title we need the following definition and lemma
[33, Lemma 29.1].

A partition of a set E is a pairwise disjoint family Π = {Ei : i ∈ Λ} such
that

⋃
i∈Λ Ei = E. Note that with any partition Π we can associate a function

F : E → Λ such that F (x) = F (y) if, and only if, x and y belong to the same
Ei ∈ Π. Conversely, any function F : E → Λ determines a partition of E.

For a set A and n ∈ N define

[A]n = {B ⊂ A : card(B) = n} .

If Π = {Ei : i ∈ Λ} is a partition of [A]n, then a set H ⊂ A is homogeneous for
the partition Π if, for some i ∈ Λ, [H]n ⊂ Ei. That is, all n-element subsets of
H are in the same piece of the partition Π.

Lemma 3.5.1. (Ramsey’s Theorem) If n, k ∈ N, then every finite partition
Π = {E1, E2, . . . , Ek} of [N]n has an infinite homogeneous set. In other words,
for every F : [N]n → {1, 2, . . . , k} there exists an infinite H ⊂ N such that F is
constant on [H]n.

The following theorem is an analogue of Theorem 1.4.2.

Theorem 3.5.2. If f : R → R is deep-I-density continuous, then f belongs to
Baire*1.

It will be convenient to extract the main step of the proof of the previous
theorem in the form of the following lemma.

Lemma 3.5.3. Let z ∈ R and let {In}n∈N be a sequence of open intervals and
{Jn}n∈N a sequence of compact intervals with In ⊂ Jn and In centered in Jn
such that for all i > 1

(A): Ji−1 ∩ Ji = ∅;
(B): m(Ji) ≤ 1

3 min{dist(Jk, Jk+1) : k ∈ N, k < i− 1}; and,
(C): 0 < m(Ii) < 2−im(Ji).
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Then, there exists a sequence {ni}i∈N such that z is a deep-I-dispersion point of⋃
i∈N Ini .

Proof. Without loss of generality we may assume that z = 0.
We will consider two cases.

Case 1o. There exists an increasing sequence {ni}i∈N of natural numbers such
that the sets {Jni

} are pairwise disjoint.
If supi∈N{max Jni

} = ∞ or infi∈N{max Jni
} = −∞, then we can choose a

subsequence of {Jni} tending monotonically to ∞ or −∞. In this case it is clear
that this subsequence satisfies the conclusion of the lemma. Otherwise, by taking
a subsequence of {ni}i∈N, if necessary, we may assume that⋃

i∈N

Jni

is either a right or left interval set at some point a ∈ R. For simplicity, we assume
it is a right interval set.

Let Jni
= [ci, di] and Ini

= (αi, βi). We have

a < di−1 < ci < αi < βi < di

for all i. If a �= 0 = z then the choice of
⋃

i∈N Ini
is obvious. So, assume that

a = 0 = z. Condition (C) states that

βi − αi

di − ci
=

m(Ini)
m(Jni

)
<

1
2ni

.

Let zn be the common center of In and Jn, for n ≥ 0. We have

lim
i→∞

βi − αi

βi
≤ lim

i→∞
βi − αi

zni

≤ lim
i→∞

βi − αi

zni
− ci

= 2 lim
i→∞

βi − αi

di − ci
= 0.

By Lemma 2.1.7 we can choose a subsequence of {ni}i∈N with the property
that 0 is an I-dispersion point of the right interval set

⋃
i∈N Ini . Therefore, by

Corollary 2.7.2, z is a deep-I-dispersion point of
⋃

i∈N Ini .

Case 2o. Assume there is no pairwise disjoint subsequence {Jni}i∈N of the
sequence {Jn}n∈N.

First consider the subsequence {J2n+1}n∈N, indexed by the odd numbers, of
the sequence {Jn}n∈N. Define a partition function F : [N]2 → {0, 1} by

F ({n,m}) = 1 if, and only if, J2n+1 ∩ J2m+1 �= ∅.

By Lemma 3.5.1 (Ramsey’s Theorem) there exists an infinite homogeneous sub-
set {ni}i∈N of N; i.e., a sequence {ni}i∈N of natural numbers such that there
exists a k ∈ {0, 1} with F ({ni, nj}) = k for all positive integers i �= j. But k = 0
would contradict the definition of case 2o, which is currently being considered.
Thus k = 1. So,

J2ni+1 ∩ J2nj+1 �= ∅(45)
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for all nonnegative integers i �= j.
Now we repeat the Ramsey-type argument given above for the even-numbered

counterparts of {J2ni+1}i∈N. Define G : [N]2 → {0, 1} by

G ({i, j}) = 1 if, and only if, J2ni ∩ J2nj �= ∅.

Lemma 3.5.1 (Ramsey’s Theorem) gives the existence of a subsequence {nis}s∈N

of {ni}i∈N such that

J2nis
∩ J2nit

�= ∅(46)

for all nonnegative integers s �= t, while the condition (45) is still preserved, or
more precisely

J2nis+1 ∩ J2nit+1 �= ∅(47)

for s �= t. Define ε = dist
(
J2ni0

, J2ni0+1

)
. By (A), ε > 0. Moreover, by (B),

(46) and (47)

S0 =
⋃
s≥0

I2nis
⊂

⋃
s∈N

J2nis
⊂

{
x : dist

(
x, J2ni0

)
<

ε

3

}
and

S1 =
⋃
s≥0

I2nis+1 ⊂
⋃
s∈N

J2nis+1 ⊂
{
x : dist

(
x, J2ni0+1

)
<

ε

3

}
.

Hence
dist(S0, S1) ≥

ε

3
> 0,

which implies that either dist(z, S0) > 0 or dist(z, S1) > 0. This clearly means
that z is a deep-I-dispersion point of either S0 or S1.

This finishes the proof of Lemma 3.5.3.

We now begin the proof of Theorem 3.5.2. Assume to the contrary that for
some perfect set P the set

Z = {x ∈ P : f |P is not continuous at x}

is dense in P .
We will construct sequences: {xn}n∈N of points of P , {(an, bn)}n∈N of open

intervals, {Jn}n∈N of compact intervals, and {In}n∈N of open intervals having
the same midpoint as the corresponding Jn, and contained in that corresponding
Jn. The construction is inductive, and aimed at having all the objects obtained
satisfy the conditions (a) through (f) listed below.

For the reminder of this proof let f̃−1(A) stand for B̃, where B = f−1(A).
We start by choosing x0 ∈ Z, (a0, b0) = (x0 − 1, x0 + 1) and I0 = J0 = ∅.

Assume that for all n ∈ N and all i ∈ N, i ≤ n, we have:
(a): f(xi) ∈ Ii;
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(b): Ji−1 ∩ Ji = ∅ and, for i > 2,

m(Ji) ≤
1
3

min{dist(Jk, Jk+1) : k ∈ N, k < i− 1};

(c): m(Ji) < ω(f |P , xi) and 0 < m(Ii) < 2−im(Ji);
(d): xi ∈ (ai, bi) ∩ Z ⊂ [ai, bi] ⊂ (ai−1, bi−1) and |bi − ai| < 2−i;
(e): for every k ∈ N, 2i ≤ k < 4i,(

1
bi − xi

(
f̃−1(Ii)− xi

))
∩

(
k

4i
,
k + 1

4i

)
�= ∅;

(f): for every x ∈ [ai, bi] and every k ∈ N, 2i−1 ≤ k < 4i−1,(
1

bi−1 − x

(
f̃−1(Ii−1)− x

))
∩

(
k

4i−1
,
k + 1
4i−1

)
�= ∅;

Let us present the inductive construction. Assume it is done for some n ≥ 0.
We will show the next step. Start with the condition (f). If n + 1 > 1, then, by
(e), the set

Uk =
{
x :

(
1

bn − x

((
f̃−1(In)

)
− x

))
∩

(
k

4n
,
k + 1
4n

)
�= ∅

}
contains xn for every k ∈ N, 2n ≤ k < 4n. It is also not difficult to see that the
sets Uk are open. Therefore

U =
⋂

2n≤k<4n

Uk

is also open and contains xn. It is easy to see that condition (f) is satisfied for
x ∈ U . For n + 1 = 1, (f) is void and we ignore it by defining U = R.

Now, find
y ∈ P ∩ f−1 (Jc

n) ∩ ((an, bn) ∩ U) .

The existence of such a y is guaranteed because U is open, xn ∈ (an, bn)∩U and
(c). If y ∈ Z, let xn+1 = y. Otherwise f |P is continuous at y. In this case, the
fact that Z is dense in P and U is open guarantees the existence of

xn+1 ∈ P ∩ f−1 (Jc
n) ∩ ((an, bn) ∩ U) ∩ Z.

Since f(xn+1) /∈ Jn and xn+1 ∈ Z, we can easily find a small interval Jn+1

centered at f(xn+1) satisfying conditions (b) and (c). Choosing In+1 centered
at f(xn+1) of length

m(Jn+1)
2n+2

guarantees (a), (b), and (c).
Defining

(
a′n+1, b

′
n+1

)
to be centered at xn+1 and such that[

a′n+1, b
′
n+1

]
⊂ (an, bn) ∩ U and b′n+1 − a′n+1 <

1
2n+1
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guarantees (d) and (f) for the interval
[
a′n+1, b

′
n+1

]
. However, we still need

to make certain that the condition (e) is satisfied. We will do it by choosing
(an+1, bn+1) ⊂ (a′n+1, b

′
n+1).

Note that xn+1 is an I-density point of f−1 (In+1), so that 0 is an I-density
point of f̃−1(In+1)−xn+1. Therefore, by Lemma 2.1.1, there exists an increasing
sequence {ni}i∈N of natural numbers such that the set

S = lim inf
i→∞

(
ni

(
f̃−1(In+1)− xn+1

))
∩ (−1, 1)

is residual in (−1, 1). Define

Wi = ni

(
f̃−1(In+1)− xn+1

)
.

The set
∞⋃
r=1

⋂
i≥r

Wi

is residual in (−1, 1). In particular, for every k ∈ N, 2n+1 ≤ k < 4n+1, ∞⋃
r=1

⋂
i≥r

Wi

 ∩
(

k

4n+1
,
k + 1
4n+1

)
�= ∅.

The sequence
{⋂

i≥r Wi

}
r∈N

is increasing. Thus, there is an r0 ∈ N such that

Wi ∩
(

k

4n+1
,
k + 1
4n+1

)
�= ∅

for every i ≥ r0 and k ∈ N, 2n+1 ≤ k < 4n+1. But

Wi = ni

(
f̃−1(In+1)− xn+1

)
=

1
xn+1 + 1

ni
− xn+1

(
f̃−1(In+1)− xn+1

)
.

Define (an+1, bn+1) as (
xn+1 −

1
ni

, xn+1 +
1
ni

)
,

where i ≥ r0 and [an+1, bn+1] ⊂ [a′n+1, b
′
n+1]. The desired condition (e) is

satisfied. This ends the inductive construction.

We will show now how the conclusion of the theorem follows from the con-
struction.

Let
{x} =

⋂
n∈N

[an, bn] =
⋂
n∈N

([an, bn] ∩ Z) .

We will show that f is not I-density continuous at x. To be more specific, we
will find a sequence {ni}i∈N such that

(1): f(x) is a deep-I-dispersion point of
⋃

i∈N Ini , and
(2): x is not a deep-I-dispersion point of f−1

(⋃
i∈N Ini

)
.
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We will first show x is not an I-dispersion point of f−1
(⋃

i∈N Ini

)
for every

sequence {ni}i∈N.
Let {ni}i∈N be any increasing sequence of natural numbers. By the definition

of x, the condition (f) implies(
tn

(
f̃−1(In)− x

))
∩

(
k

4n
,
k + 1
4n

)
�= ∅

for every k ∈ N, 2n ≤ k < 4n, where tn is defined as 1/(bn − x). Note that
sequence {tn}n∈N is increasing and diverging to infinity. Thus, the open set
Un = tn

(
f̃−1(In)− x

)
intersects every interval

(
k
4n , k+1

4n

)
⊂

[
1
2 , 1

]
. This implies

that for every increasing sequence {nj}j∈N of natural numbers and for every
s ∈ N the set

⋃
j≥s Unj is dense in

[
1
2 , 1

]
. Hence,

lim sup
j→∞

tnij

(
f̃−1

(⋃
i∈N

Ini

)
− x

)
⊃ lim sup

j→∞
Unij

�∈ I

for every subsequence {nij}j∈N of {ni}i∈N. Thus, by Theorem 2.2.2(ii), x is not
an I-dispersion point of f−1

(⋃
i∈N Ini

)
.

Condition (1) follows immediately from Lemma 3.5.3 for z = f(x) since (A),
(B) and (C) from the lemma follows from (b) and (c).

This finishes the proof of Theorem 3.5.2.
As a corollary we obtain the following theorem. (We also refer the reader to

the comments following Theorem 1.4.2.)

Theorem 3.5.4. The spaces CDD and CII , equipped with the topology of uni-
form convergence, are of the first category in themselves.

Proof. We prove this only for the class CDD as the other case is essentially
the same.

Let {In}n∈N be the sequence of all open intervals with rational endpoints
and let Cn be the family of all deep-I-density continuous functions that are
continuous on In in the ordinary sense. By Theorem 3.5.2, CDD =

⋃
n∈N Cn.

Also, it is evident that the sets Cn are closed in the uniform convergence topology.
Finally, for any function f ∈ Cn and any of its neighborhoods U , it is easy to
slightly modify the function g from Corollary 3.2.7 in such a way that g ∈ U\CDD.
Thus, the sets Cn are nowhere dense.

3.6. Inclusions and Examples

Before stating the main theorem of this section, several examples are con-
structed. The first two are technical and are used to construct other examples.

Example 3.6.1. Let {cn}n∈N be a sequence of positive numbers. For every
right interval set E =

⋃
n∈N[an, bn] ⊂ [0, 1] for which 0 is a right I-density point

there exists an I-density continuous, C∞, convex increasing homeomorphism
h : [0, b1] → [0,∞) such that
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(1): h(n)(0) = 0 for every n ≥ 0, and
(2): for every n ∈ N there exists a positive number dn ≤ cn such that
h′(x) = dn for every x ∈ (an, bn).

Proof. Let D =
⋃

n∈N(ln, rn) = (0, b1] \ E and let f be a nonnegative C∞
function such that f(x) = 0 for x ∈ Dc while f(x) > 0 for x ∈ D. To choose
such a function, it is enough to define f on [ln, rn] by

f(x) = une
−(x−ln)−2−(x−rn)−2

,

which is known to be C∞ with poles at ln and rn, and in which the constants
un ≤ cn are chosen in such a way that f (i)(x) ≤ 1/n for every i ≤ n and
x ∈ [ln, rn].

Let g(x) =
∫ x

0
f(y) dy and h(x) =

∫ x

0
g(y) dy.

Evidently h is a C∞, convex homeomorphism satisfying (1). It is also easy
to see (2) holds because f(x) ≤ un ≤ cn for all x ∈ [0, bn] ⊂ [0, 1]. Also, by
Corollary 3.2.12, h is I-density continuous at every point �= 0 and, by Corollary
3.4.5, h is right I-density continuous at 0.

Example 3.6.2. Let k < l < m < a < b < c. There exists an I-density
continuous, C∞ function g : [k, c] → R constant on [m, a] and such that g(x) = x

for x ∈ [k, l] ∪ [b, c]. (See Figure 3.2.)

k l m a b c

k

l

b

c

y = x

y = g(x)

Figure 3.2. The function g from Example 3.6.2.
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Proof. Without loss of generality we may assume that m < 0 < a. It suffices
to define g on [0, c], because defining g on [k, 0] merely involves homothetically
altering the odd extension of g.

Let a0, b0 be such that a < a0 < b0 < b and choose h : [0, a0 − a] → [0,∞) as
in Example 3.6.1 in such a way that h(a0 − a) < b0. Define g0 : [0, c] → R by
putting g0(x) = 0 for x ∈ [0, a], g0(x) = x for x ∈ [b0, c], g0(x) = h(x − a) for
x ∈ [a, a0] and extend g0 on [a0, b0] in a continuous manner as a linear function.

Evidently g0 is I-density continuous. It is also C∞ at all points with the
exception of a0 and b0. To obtain the desired function g we will modify g0

on [a, b] by “rounding its corners” at the points a0 and b0. But notice that g0

is increasing and linear on some left and right-hand neighborhoods of a0 and
b0. Using an appropriate homothetic transformation of a function L(x) + rh(x),
where L is a linear function, r ∈ R and h is from Example 3.6.1, g0 can readily
be modified to be a C∞ function g with the property that g′(x) > 0 on the set
where the modification takes place. Thus, g is I-density continuous.

Example 3.6.3. There exists a C∞ function f which is deep-I-density con-
tinuous and density continuous but is not I-density continuous; i.e.,

CNN ∩ CDD ∩ C∞ �⊂ CII .

Proof. Let g : [0, 1] → [0, 1] be as in Example 3.6.2, with 0 = k < l < m <

1/2 < a < b < c = 1. Choose constants ck ≤ 1
k such that ckg

(i)(x) ≤ 1
k for every

x ∈ [0, 1] and i ≤ k.
Choose a right interval set E =

⋃
k∈N[pk, qk] ⊂ [0, 1] for which 0 is a right

I-density point Let h and {dn} be chosen as in Example 3.6.1 for the sequence
{ck} and the set E. Let us also extend h onto R by putting h(x) = 0 for x < 0
and as a linear function on [q1,∞) by the same formula as on [p1, q1]. Then, by
Theorem 1.4.3, it is easy to see that

h ∈ CNN ∩ CII ∩ C∞.

Notice also that for every t > 0 the function gk,t : [0, t] → [0, t] defined by
gk,t(x) = t dkg(x/t) has the properties that

g
(i)
k,t(x) ≤ 1

k
for every x ∈ [0, t] and i ≤ k

and

gk,t(x) = dkx for every x ∈ t ([0, l] ∪ [b, 1]) .

Moreover, let {sn}n∈N be a decreasing enumeration of the set S from Example
2.2.5. Without loss of generality we may assume that S ⊂ int (E), as 0 is a right
deep-I-density point of E. Notice, that each component of E contains only
finitely many points from S. Denote the component of E which contains sn by
[pk(n), qk(n)].
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Choose nonempty pairwise disjoint intervals

(an, bn) ⊂ [an, bn] ⊂ (pk(n), qk(n)),

centered at sn such that 0 is a dispersion point of P =
⋃

n∈N[an, bn] and

lim
n→∞

h(bn)− h(an)
h(an)

= 0.(48)

Define hn(x) = gk(n),bn−an
(x − an) for x ∈ (an, bn), with the interval in

(an, bn) on which hn is constant denoted by In. Notice that sn ∈ In. Define f

by putting f |P c = h|P c and f(x) = hn(x) + h(an) for x ∈ (an, bn). (See Figure
3.3.)

Obviously f is C∞, I-density continuous and density continuous at any point
�= 0. It is also clear, by the choice of the constants ck, that f is infinitely
differentiable at 0.

To see that f is density continuous at 0 it is enough to notice that

f |(−∞,0]∪P c = h|(−∞,0]∪P c ,

while h ∈ CNN and (−∞, 0] ∪ P c ∈ TN .
It is also easy to see that f �∈ CII , as 0 is an I-dispersion point of the countable

set f(S), while, by Example 2.2.5, 0 is not an I-dispersion point of

f−1(f(S)) ⊃
⋃
n∈N

In ⊃ S.

It remains to prove that f is right deep-I-density continuous at 0, as the left
hand case is obvious. So, let 0 be an I-dispersion point of a right interval set
B =

⋃
n∈N(vn, wn).

We claim that the lengths of some of the intervals (vn, wn) can be increased
slightly to satisfy the condition

(h(ak), h(bk)) ∩ (vn, wn) = ∅ or (h(ak), h(bk)) ⊂ (vn, wn),(49)

while still preserving the property that 0 is an I-dispersion point of B.
To see this, define

B′ =
⋃
{(h(ak), h(bk)) : (h(ak), h(bk)) ∩B �= ∅} ∪B.

Evidently, B′ satisfies (49). It must only be shown that 0 is an I-dispersion
point of B′.

So, let (a, b) ⊂ (0, 1) and {nk}k∈N be an increasing sequence of natural num-
bers. Using Theorem 2.2.2(viii), it is possible to find an increasing subsequence
{nkp

}p∈N and a nonempty interval (c, d) ⊂ (a, b) such that

(c, d) ∩ nkpB = ∅ for all p ∈ N.
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h

f

The functions  f  and  h
appear with the following
line thicknesses:

p
k

q
k+1

p
k+1

q
ksnsn+1s n+2

an+2 bn+2 an+1 bn+1 an bn

InIn+1I n+2

Figure 3.3. This is a section of the function f from Example 3.6.3.

According to (48), there is a p0 ∈ N such that

h(bnkp
)− h(ankp

)

h(ankp
)

<
d− c

3
for all p ≥ p0.
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Hence, if (h(ankp
), h(bnkp

)) ⊂ B′ and (c, d) ∩ nkp(h(ankp
), h(bnkp

)) �= ∅ then
nkph(ankp

) < 1 and

nkp(h(bnkp
)− h(ankp

)) <
h(bnkp

)− h(ankp
)

h(ankp
)

<
d− c

3
for all p ≥ p0.

Moreover, (h(ankp
), h(bnkp

)) �⊂ (c, d). Hence,

(c +
d− c

3
, d− d− c

3
) ∩ nkp

B′ = ∅ for all p ≥ p0.

So, by Theorem 2.2.2(viii), 0 is an I-dispersion point of B′.
But (49) implies that h−1(B) = f−1(B). Therefore, because h is deep-I-den-

sity continuous, 0 is a deep-I-dispersion point of f−1(B).

Example 3.6.4. There exists an I-density continuous function which is not
continuous; i.e.,

CII �⊂ C.

Proof. Let E =
⋃

n∈N[an, bn] be a right interval set such that 0 is an I-
dispersion point of E (see Corollary 2.1.5) and define f : R → R by

an bnan+2 an+1 bn+1bn+2

1
2

Figure 3.4. The function f from Example 3.6.4.
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f(x) =

{
0 if x �∈ E
dist({x}, (an, bn)c)

bn − an
for x ∈ [an, bn].

(50)

See Figure 3.4.
By Corollary 3.1.8, f is I-density continuous at every point x �= 0. Also, f is

I-density continuous at 0 as it is constant on the I-density open neighbourhood,
Ec, of 0. Finally, f is not continuous as the value of f equals 1

2 at the center of
every (an, bn), while f(0) = 0.

Example 3.6.5. There exists an I-approximately continuous and approxi-
mately continuous function which is not in Baire*1. In particular,

CIO ∩ CNO �⊂ DB∗
1 .

Proof. Let {qn : n ∈ N} be an enumeration of Q. Let f be as in (50) and
put

hn(x) =
2
3n

f(x− qn).

Then it is easy to see that hn(R) = [0, 1/3n] and that hn is piecewise linear at
points �= qn while ω(hn, qn) = 1/3n. Define gn = Σi≤nhi and let g be a limit of
{gn}. Notice that

|g − gn| <
1
2

1
3n

so, {gn} converges to g uniformly. The same argument as in Example 3.6.4 shows
that gn ∈ CIO CNO. Thus, by Theorems 1.3.1(ii) and 2.5.5(ii), g ∈ CIO CNO.
Notice also that, for every n ∈ N,

ω(h, qn) ≥ ω(hn, qn)− sup
x∈R

(g(x)− gn(x)) ≥ 1
3n

− 1
3n+1

> 0

so, g is discontinuous at every rational number. But, Baire*1 functions are
continuous on a dense open set. Thus, g �∈ DB∗

1 .

All of the following charts use the convention that, for the classes of functions
X and Y, the symbol X Y stands for the class X ∩Y. The results of this section
can be summarized in the following theorem.
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Theorem 3.6.6. The chart below shows the relationships between the follow-
ing classes.

CIO ⊂ DB1

∪ ∪
CII ⊂ CDD ⊂ CIO DB∗

1 ⊂ DB∗
1

∪ ∪ ∪
CII C ⊂ CDD C ⊂ C
∪ ∪ ∪

CII C∞ ⊂ CDD C∞ ⊂ C∞
∪
A

All the containments are proper.

Proof. The vertical containments follow immediately from the obvious con-
tainments A ⊂ C∞ ⊂ C ⊂ DB∗

1 ⊂ DB1, C ⊂ CIO and from A ⊂ CII , which is
a restatement of Theorem 3.4.2. The horizontal inclusions follow from CII ⊂
CDD ⊂ CIO (Theorem 3.1.5), CDD ⊂ DB∗

1 (Theorem 3.5.2) and CIO ⊂ DB1

(Corollary 2.5.3).
The fact that all the horizontal inclusions are proper follows from the following

observations.
• CDD C∞ �⊂ CII – see Example 3.6.3;
• C∞ �⊂ CDD – see Corollary 3.2.7;
• DB∗

1 �⊂ CIO – construct a function f as in Example 3.6.4, but with 0
not an I-dispersion point of E. (We could also use Example 3.7.1.)

For the vertical inclusions it is enough to notice that:
• CII C∞ �⊂ A – is easily seen using any C∞ non analytic function with
nonzero derivative everywhere (Corollary 3.2.12); for example, if f is
from Corollary 3.2.6, then h(x) = f(x) + x has the desired property;
• CII C �⊂ C∞ – is easily shown with f(x) = |x|, which is a continuous,
nondifferentiable and piecewise linear function (Corollary 3.1.8);
• CII �⊂ C – see Example 3.6.4;
• CIO �⊂ DB∗

1 – see Example 3.6.5.
This finishes the proof of Theorem 3.6.6.

We finish this section with the following theorem in which C ([0, 1]) is equipped
with the topology of uniform convergence.

Theorem 3.6.7. Let CI denote the class of continuous functions f : [0, 1] → R

which have at least one point of I-density continuity. Then CI is a first category
subset of C ([0, 1]).

Proof. We will show that there exists a dense Gδ subset E of C = C ([0, 1])
such that every f ∈ E is nowhere I-density continuous.
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For every n ∈ N denote by Dn the set of all f ∈ C such that for every
i = 1, 2, . . . , 2n, f is linear and nonconstant on every interval [(i− 1)2−n, i2−n].
Note that Dn+1 ⊃ Dn for every n ∈ N and

D =
⋃
n∈N

Dn

is a dense subset of C.
For f ∈ C define

‖f‖n = max
i=1,2,... ,2n

∣∣f(i2−n)− f((i− 1)2−n)
∣∣ .

We claim that for each open set U in C, there exists an n ∈ N and a function
f ∈ Dn such that the open ball in C centered at f of radius ‖f‖n is entirely
contained in U . To see this, first find an m ∈ N and an f ∈ Dm such that f ∈ U .
Since U is open, there is a δ > 0 such that the open ball of radius δ centered at
f is contained in U . Using the uniform continuity of f , we can find an n ≥ m

such that if |x − y| ≤ 2−n, then |f(x) − f(y)| ≤ δ. From this it is clear that
f ∈ Dn and ‖f‖n ≤ δ. The claim becomes evident.

We now start the construction of the Gδ set E as an intersection of dense
open sets Wk.

Let k ≥ 1 be an integer and let U be a nonempty open subset of C. Choose
n = nk ≥ k and f ∈ Dn as above. For j = 0, 1, 2, . . . , 2n+1, define

g

(
j

2n+1

)
= f

(
j

2n+1

)
.

If
i2−n ≤ j2−n−1 < (j + 1)2−n−1 ≤ (i + 1)2−n,

where i ∈ {0, 1, 2, . . . , 2n − 1}, put

Li = (i2−n, (i + 1)2−n),

Mj = (j2−n−1, (j + 1)2−n−1)

and let Kj = [aj , bj ] be an interval centered in the center of Mj and such that

m(Kj)
m(Mj)

= 1− 1
2n

=
2m(Kj)
m(Li)

.

Let us choose I0
j = [cj , dj ] centered in the center of the interval f(Mj) and

such that
m(I0

j )
m(f(Mj))

=
1
2n

.

Define the function g to be monotone on Li and linear on each of the intervals

[j2−n−1, aj ], [aj , bj ], and [bj , (j + 1)2−n−1]

in such a way that
g ([aj , bj ]) = [cj , dj ] = I0

j .
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(See Figure 3.5.)

i +1
2n

a j b jj

2n+1
i
2n

K j

M j

d j

cj

I j
o

J j

y = g(x)

Figure 3.5. This is a section of the function g from Theorem 3.6.7.

Thus, if
Jj = f(Mj) = g(Mj),

then
m(g(Kj))
m(g(Mj))

=
m(I0

j )
m(Jj)

=
1
2n

and
m(g−1(I0

j ))
m(g−1(Jj))

=
m(Kj)
m(Mj)

= 1− 1
2n

.

Note that g is contained in the open ball centered at f of radius ‖f‖n. Thus,
g ∈ U .

Let W k
U be the open ball centered at g of radius

εk = 2−n−1 min
i=1,2,... ,2n

∣∣∣∣f (
i

2n

)
− f

(
i− 1
2n

)∣∣∣∣ > 0,(51)

where n = nk is as above. Obviously

Wk =
⋃ {

W k
U : U is open and nonempty in C

}
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is open and dense in C, so that

E =
⋂
k∈N

Wk

is a residual set in C. We will show that if h ∈ E then h is nowhere I-density
continuous.

Let x ∈ [0, 1] be arbitrary. We will choose intervals Im, m ∈ N, such that
h(x) is an I-dispersion point of

⋃
m∈N Im, but x is not an I-dispersion point of

h−1
(⋃

m∈N Im
)
. This will prove that h is not I-density continuous at x.

Let m ∈ N. We have h ∈ Wm, so there exists a set U , open in C, such that h ∈
Wm

U . Let g be the center of Wm
U , n ≥ m be the number given in the construction

of Wm
U and let i ∈ {0, 1, 2, . . . , 2n − 1} be such that x ∈ [i2−n, (i + 1)2−n].

Put
Lm = [i2−n, (i + 1)2−n].

Let
M1 =

(
(2i)2−n−1, (2i + 1)2−n−1

)
,

M2 =
(
(2i + 1)2−n−1, 2(i + 1)2−n−1

)
,

and let Mm ∈ {M1,M2} be such that h(x) /∈ g(Mm). This can be done, since g

is monotone on Lm. Put Jm = g(Mm) and let I0
m = [cj , dj ], Km = [aj , bj ] be as

in the construction of g.
Thus we have

m(I0
m)

m(Jm)
=

1
2n

≤ 1
2m

and
m(Km)
m(Mm)

= 1− 1
2n

≥ 1− 1
2m

.

Define
Im = [cj − εm, dj + εm],

where εm is the radius of Wm
U defined by (51). As h(x) /∈ Jm and m(Mm) → 0,

we can choose a subsequence {Imi}i∈N of {Im}m∈N such that
⋃

i∈N Imi is a left
or right interval set at h(x). Without loss of generality we may assume that it is
a right interval set at h(x). For each i ∈ N, Imi

and Jmi
have a common center

and, by (51),

lim
i→∞

m(Imi
)

m(Jmi
)

= 0.

Thus, according to Lemma 2.1.7, there is a subsequence {Imij
}j∈N of {Imi}i∈N

such that h(x) is an I-dispersion point of
⋃

j∈N Imij
.

On the other hand, since |h(x)− g(x)| < εm for all x ∈ [0, 1],

Kn = g−1([cj , dj ]) ⊂ h−1(In).

Thus, using Lemma 2.2.6, the fact that x ∈ Lm for every m ∈ N and

lim
j→∞

m(Knij
)

m(Lnij
)

= lim
j→∞

m(Knij
)

2m(Mnij
)

=
1
2

> 0
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we conclude that x is not an I-dispersion point of
⋃

j∈N Knij
. Thus x is not

an I-dispersion point of h−1
(⋃

j∈N Inij

)
. This finishes the proof of Theorem

3.6.7.

3.7. I-density Versus Density Continuous Functions

The purpose of this section is to discuss the inclusions of Theorem 3.6.6 in
connection with the class of density continuous functions and to summarize the
comparison of different properties of the classes CII , CDD and CNN .

We start with the following three examples, the first two of which are done
similarly to Example 3.6.4.

Example 3.7.1. There exists a density continuous function which is not I-
approximately continuous; i.e.,

CNN �⊂ CIO.

Proof. Let S = {sn}n∈N be as in Example 2.2.5 and let E =
⋃

n∈N[an, bn]
be a right interval set such that sn is the center of each interval [an, bn] and 0 is
a dispersion point of E. (For example, taking bn − an = sn/(n!).) Define f as
in (50) by

f(x) =

{
0 if x �∈ E
dist({x}, (an, bn)c)

bn − an
for x ∈ [an, bn].

(See Figure 3.4.)
Then, by a method similar to that in Example 3.6.4, we can show that f is

density continuous. But, f is not I-approximately continuous at 0, as f−1(0) =
0 ∈ f−1((−∞, 1/4)) and 0 is not an I-dispersion point of the open set

B = f−1((1/4,∞)) ⊂ f−1((−∞, 1/4))c,

which contains S.

Example 3.7.2. There exists a function which is I-density continuous, but
not approximately continuous; i.e.,

CII �⊂ CNO.

Proof. Let C ⊂ [ 12 , 1] be a closed nowhere dense set with positive Lebesgue
measure and let {dn}n∈N be a decreasing sequence of positive numbers such that
limn→∞ dn+1/dn = 0. Then, by Lemma 2.8.1, 0 is a deep-I-dispersion point
of Q =

⋃
n∈N dnC. Thus, there exists an open set U ⊃ Q such that 0 is an

I-dispersion point of U . Since every set dnC is compact, we can decrease U , if
necessary, in such a way that, for some sequence {εn}n∈N of positive numbers,
U =

⋃
n∈N(an + εn, bn − εn) and 0 is a deep-I-dispersion point of the right
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interval set D =
⋃

n∈N[an, bn]. Then, Dc ∈ TI . Moreover, as in Theorem 2.8.2
(TD �⊂ TN ), 0 is not a dispersion point of Q. Define f : R → R by

f(x) =

{
0 if x �∈ D
dist({x},(an,bn)c)

εn
for x ∈ [an, bn].

Then, as in Example 3.6.4, f is I-density continuous. But, f is not approxi-
mately continuous at 0, as f−1(0) = 0 ∈ f−1((−∞, 1)) and 0 is not a dispersion
point of the set f−1([1,∞)) ⊃ U ⊃ Q.

Example 3.7.3. There exists a function which is C∞ and I-density continu-
ous, but is not density continuous; i.e.,

C∞ ∩ CII �⊂ CNN .

Proof. We will proceed in a method similar to Example 3.6.3.
Let g : [0, 1] → [0, 1] be as in Example 3.6.2 such that g is constant on

[1/3, 2/3]. Choose constants ck ≤ 1
k such that ckg

(i)(x) ≤ 1
k for every x ∈ [0, 1]

and i ≤ k.
Choose a right interval set E =

⋃
k∈N[pk, qk] ⊂ [0, 1] for which 0 is a right

density and I-density point. Let h and {dn} be chosen as in Example 3.6.1 for
the sequence {ck} and the set E. Extend h onto R by putting h(x) = 0 for x < 0
and as a linear function on [q1,∞) by the same formula as on [p1, q1]. It is easy
to see that

h ∈ CNN ∩ CII ∩ C∞.

Notice also that for every t > 0 the function gk,t : [0, t] → [0, t] defined by
gk,t(x) = t dkg(x/t) has the properties that

g
(i)
k,t(x) ≤ 1

k
for every x ∈ [0, t] and i ≤ k(52)

and

gk,t(x) = dkx for every x ∈ t ([0, l] ∪ [b, 1]) .(53)

Moreover, let D =
⋃

n∈N[an, bn] be a right interval set as in Example 3.7.2,
i.e., such that Dc ∈ TD \ TN . Without loss of generality we may assume that
D ⊂ int (E), as 0 is a right density and deep-I-density point of E. Notice, that
each component of E contains only finitely many intervals [an, bn]. Denote the
component of E which contains [an, bn] by [pk(n), qk(n)].

Let hn = gk(n),bn−an
, with the interval in (0, bn−an) on which hn is constant

denoted by In. Define f by putting f |(⋃
n∈N

(an,bn)
)c = h|(⋃

n∈N
(an,bn)

)c and

f(x) = hn(x− an) + h(an) for x ∈ [an, bn].
Obviously f is C∞, I-density continuous and density continuous at any point

�= 0. It is also clear, by the choice of the constants ck, that f is infinitely
differentiable at 0. Also, f is I-density continuous at 0 as f |Dc = h|Dc , while
h ∈ CII and Dc ∈ TI .
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Finally, f is not density continuous at 0, as 0 is a dispersion point of the
countable set f(

⋃
n∈N In), while 0 is not a dispersion point of f−1(f(

⋃
n∈N In)) =⋃

n∈N In. This last statement is correct, as
⋃

n∈N In is obtained by taking the
middle third from every component of D =

⋃
n∈N[an, bn].

Theorem 3.7.4. The chart from Theorem 3.6.6

CIO ⊂ DB1

∪ ∪
CII ⊂ CDD ⊂ CIO DB∗

1 ⊂ DB∗
1

∪ ∪ ∪
CII C ⊂ CDD C ⊂ C
∪ ∪ ∪

CII C∞ ⊂ CDD C∞ ⊂ C∞
∪
A

relativized to (i.e., intersecting each of the element of the chart by) CNO and
CNN gives respectively

CIO CNO ⊂ CNO
∪ ∪

CII CNO ⊂ CDD CNO ⊂ CIO DB∗
1 CNO ⊂ DB∗

1 CNO
∪ ∪ ∪

CII C ⊂ CDD C ⊂ C
∪ ∪ ∪

CII C∞ ⊂ CDD C∞ ⊂ C∞
∪
A

and

CIO CNN ⊂ CNN
‖ ‖

CII CNN ⊂ CDD CNN ⊂ CIO CNN ⊂ CNN
∪ ∪ ∪

CII C CNN ⊂ CDD C CNN ⊂ C CNN
∪ ∪ ∪

CII C∞ CNN ⊂ CDD C∞ CNN ⊂ C∞ CNN
∪
A

Moreover, the inclusions in the charts and the nontrivial inclusions between cor-
responding parts of the charts, i.e.,

X CNO ⊂ X and Y CNN ⊂ Y CNO
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for
X ∈ {CII , CDD, CIO DB∗

1 ,DB∗
1 , CIO,DB1}

and

Y ∈ {CII C∞, CDD C∞, C∞, CII C, CDD C, C, CII , CDD, CIO DB∗
1 ,DB∗

1},

are proper.

Proof. All the inclusions follow immediately from Theorem 3.6.6 and the
inclusion CNN ⊂ CNO. The fact that the second and third charts are appropriate
relativizations follows from the inclusion C ⊂ CNO and Theorems 1.4.2 and 1.4.3.

To prove the inclusions in the main charts are proper it is enough to reduce
our task to the following inclusions. To argue for the inclusions between first
and second rows it is enough to show that CIO CNO �⊂ DB∗

1 . For the other
inclusions it is enough to consider the inclusions in the third chart. Vertical
containments are proper on the basis of CII C∞ CNN �⊂ A, CII C CNN �⊂ C∞
and CII CNN �⊂ C. To prove that the horizontal inclusions are proper it is enough
to show that CNN �⊂ CIO, C∞ CNN �⊂ CDD and CDD C∞ CNN �⊂ CII . To argue
the additional part it is enough to show that CII �⊂ CNO and CII C∞ �⊂ CNN .

CIO CNO �⊂ DB∗
1 is a restatement of Example 3.6.5.

CII C∞ CNN �⊂ A by the same function as used in the proof of C∞ CII �⊂ A
in Theorem 3.6.6.
CII C CNN �⊂ C∞ is easily shown by f(x) = |x|.
CII CNN �⊂ C by the function f from Example 3.6.4, if we additionally make

sure that 0 is a dispersion point of E. (See Corollary 2.1.5.)
CNN �⊂ CIO is a restatement of Example 3.7.1.
C∞ CNN �⊂ CDD follows from Corollary 3.2.7 and Theorem 1.4.3.
CDD C∞ CNN �⊂ CII is a restatement of Example 3.6.3.
CII �⊂ CNO is a restatement of Example 3.7.2.
CII C∞ �⊂ CNN is a restatement of Example 3.7.3.
This finishes the proof of Theorem 3.7.4.

We finish this section with the following theorem, which compares several
properties of the I-density and deep-I-density continuous functions with the
class of density continuous functions.

Theorem 3.7.5. The following statements show relationships between various
function classes discussed above.

(N1): A ⊂ CNN ⊂ DB∗
1; C∞ �⊂ CNN ;

(I1): A ⊂ CII ⊂ CDD ⊂ DB∗
1; C∞ �⊂ CDD; H ∩ CII = H ∩ CDD;

(N2): if h and h−1 fulfill a local Lipschitz condition, then h ∈ CNN ;
(I2): if h and h−1 fulfill a local Lipschitz condition, then h ∈ CII ;
(N3): locally convex functions are density continuous;
(I3): there is a C∞ convex function which is not deep-I-density contin-
uous;
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(N4): the class CNN is not closed under uniform convergence;
(I4): the classes CII and CDD are not closed under uniform conver-
gence;

(N5): the class CNN is closed under the supremum and infimum oper-
ations; thus, it forms a lattice;

(I5): the classes CII and CDD are closed under the supremum and in-
fimum operations; thus, they form lattices;

(N6): the class CNN is not closed under addition; and also,
(I6): the classes CII and CDD are not closed under addition; however,
(N7): if f and g are increasing homeomorphisms such that f, g ∈ CNN
(f−1, g−1 ∈ CNN ), then f + g ∈ CNN ((f + g)−1 ∈ CNN );

(I7): if f and g are increasing homeomorphisms such that f, g ∈ CII
(f−1, g−1 ∈ CII), then f + g ∈ CDD ((f + g)−1 ∈ CDD);

(N8): the space CNN , equipped with the topology of uniform conver-
gence, is of the first category in itself;

(I8): the spaces CII and CDD, equipped with the topology of uniform
convergence, are of the first category in themselves;

(N9): S ∈ {f−1({x}c) : x ∈ R and f ∈ CNN } if, and only if,

S ∈ Fσ ∩Gδ ∩ TN ;

(N10): Z = {x ∈ R : f is discontinuous at x} for some f ∈ CNN if,
and only if, Z is nowhere dense Fσ set.

Proof. The proofs can be found as follows: for (N1) and (I1) in Theorem
3.7.4 and, for C∞ �⊂ CDD, in Theorem 3.2.1; for (N2) in Theorem 1.4.4; for (I2)
in Corollary 3.4.4; for (N3) in Theorem 1.4.3; for (I3) in Corollary 3.2.7.

(N4) follows from Example 1.4.1 and Theorem 1.4.3. Similarly, (I4) follows
from Corollary 3.2.7 and Theorem 3.4.2. (N5) can be found in [18], while (I5)
is a restatement of Proposition 3.2.15. (I6) is proved in Corollary 3.2.13. (N6)
can be proved in a much the same way. Its proof can be found in [13].

The proofs of the condition (N7) can be found in [9] and in [50], respectively.
(I7) is a restatement of Theorems 3.3.6 and 3.3.10. The proof of (N8) is exactly
the same as that of (I8) which, in turn, is a restatement of Theorem 3.5.4.

The proofs of (N9) and (N10) can be found in [18] and in [21].

Problem 3.7.6. Find characterizations for the classes CII and CDD similar
to (N9) and (N10).

3.8. Other Continuities

For J ,K ∈ {N , I,D,O} let CJK stand for the family of all continuous func-
tions

f : (R, TJ ) → (R, TK).
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It is easy to see that there are sixteen different classes:

COO CDD CIO CNO
COD CDD CID CND

COI CDI CII CNI

CON CDN CIN CNN

that represent different continuities formed with respect to the ordinary, density,
I-density and deep-I-density topologies on the domain and range of functions.
In the charts of Theorem 3.7.4 only six of those classes are considered: COO = C,
CNN , CII , CDD, CNO and CIO. In this short section it is shown that all the
other classes are either trivial or coincide with one of the classes listed above.

Theorem 3.8.1. CDO = CIO and CID = CDD.

Proof. The first equation is a restatement of Corollary 2.7.7.
To argue the second equation let f ∈ CID. We must prove that f is continuous

as a function from (R, TD) to (R, TD). But, evidently, g ◦ f ∈ CIO = CDO for
every g ∈ CDO. Hence, by Lemma 3.1.3, f ∈ CDD. So, CID ⊂ CDD. The
opposite inclusion is obvious.

Theorem 3.8.2. If Const stands for the class of all constant functions then,

COD = COI = CON = CDI = CDN = CIN = CND = CNI = Const.

Proof. It is obvious that the constant functions are members of all these
classes, as they are universally continuous. Thus, the only thing left to show is
that the functions from the above classes CJK are constant.

By way of contradiction, assume that there is a non-constant function f in
some class CJK from the theorem.

Case 1o. CJK ∈ {COD, COI , CON}. By assumption there are a < b such
that f([a, b]) has more than one point. But, by Theorems 1.2.3(vi), 2.6.2(vi) and
2.7.8(vi), f([a, b]) is finite, being the continuous image of a compact set. This
means that f([a, b]) is disconnected, which is impossible because the interval
[a, b] is connected in TO.

Case 2o. CJK ∈ {CDI , CDN}. Let D be a countable dense subset of (R, TO)
such that A = f(D) has more that one point. By Theorems 1.2.3(ii) and 2.6.2(ii),
A is closed and discrete in TI and TN . We show that B = f−1(A) is not closed
in TD. First notice that A, as a discrete set having more that one element, is
disconnected and thus, B is disconnected as the continuous preimage of discon-
nected set. So, by Theorem 2.7.8(v), B �= R. But, B ⊃ D is dense in TD, by
Theorem 2.7.8(iii). Hence, B is not closed in TD.

Case 3o. CJK = CIN . As in the previous case, let D be a countable dense
subset of (R, TO) such that A = f(D) has more than one point and let a �∈ B =
f−1(A). Without loss of generality we may assume that a = 0 = f(a). Let S =
{sn}n∈N be as in Example 2.2.5 and, for every n ∈ N, let dn ∈ B∩[sn+1, sn]. Now,
choose an < f(dn) < bn such that 0 is a dispersion point of E =

⋃
n∈N[an, bn].
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Let U ∈ TN be such that 0 ∈ U ⊂ Ec. Then, f−1([an, bn]) is of second category
at every interval [sn+1, sn]. Hence, the same argument as in Example 2.2.5 shows
that 0 is not an I-dispersion point of f−1(E) ⊂ f−1(U); i.e., f−1(U) �∈ TI .

Case 4o. CJK ∈ {CND, CNI}. As CNI ⊂ CND we may assume that CJK =
CND. The proof of this case is quite complicated and will take the rest of this
Section. For this we need the following lemmas.

Lemma 3.8.3. Let f : R → R be a measurable function such that f(0) = 0
and let c ∈ (0, 1). If E =

⋃
n∈N[an, bn] is a right interval set such that, for every

n ∈ N, an ≥ c bn and {dn}n∈N is a sequence from (0, 1) such that

m(f−1([an, bn]) ∩ (0, dn)) ≥ dn/2,(54)

then f �∈ CND.

Proof. The sets f−1([an, bn])∩(0, 1) are bounded and pairwise disjoint. This
implies limn→∞ m(

⋃
k≥n f−1([ak, bk])∩ (0, 1)) = 0. From this and (54) it follows

that limn→∞ dn = 0.
Taking a subsequence, if necessary, we can assume that

lim
n→∞

bn+1/bn = 0.

We may also assume that an = c bn, because decreasing an does not change (54).
There are two cases to consider:

(1): there is a point x ∈ (c, 1) and an ε > 0 such that such that for
every nontrivial interval I ⊂ (c, 1) containing x and for every k ∈ N

there is nk ≥ k with m(f−1(bnk
I) ∩ (0, dnk

)) ≥ εdnk
; and

(2): for every x ∈ (c, 1) and every ε > 0 there exists an interval I ⊂ (c, 1)
containing x and a k ∈ N such that m(f−1(bnI) ∩ (0, dn)) < εdn for
every n ≥ k.

Case (1). Let x and ε be as in the assumption. Put n0 = 0 and, by induction
on k ∈ N, define a closed interval Ik ⊂ (x−1/k, x+1/k)∩(c, 1) and an nk > nk−1

such that

m(f−1(bnk
Ik) ∩ (0, dnk

)) ≥ εdnk
.(55)

Then, by Lemma 2.1.4, 0 is a deep-I-dispersion point of the interval set D =⋃
k∈N bnk

Ik, while 0 is not a density point of f−1(Dc), because

lim inf
k→∞

m(f−1(D) ∩ (0, dnk
))

dnk

≥ ε > 0.

Hence, Dc ∈ TD and f−1(Dc) �∈ TN ; i.e., f �∈ CND.
Case (2). Let {qi : i ∈ N} be a dense countable subset of (c, 1) such that

m(f−1({bnqi})) = 0 for every i, n ∈ N
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and let δ ∈ (0, 1/2). For every i ∈ N choose an open interval Ii containing qi
and ki ∈ N such that

m(f−1(bnIi) ∩ (0, dn)) <
δ

2i
dn for every n ≥ ki.

Now, since for every n < ki

lim
m→∞

m
(
f−1

(
bn

(
qi −

1
m

, qi +
1
m

))
∩ (0, dn)

)
≤ m(f−1({bnqi})) = 0

we can decrease Ii, if necessary, to obtain

m(f−1(bnIi) ∩ (0, dn)) <
δ

2i
dn for every n ∈ N.

Let C = [c, 1] \
⋃

i∈N Ii. Then, C is closed and nowhere dense. By Lemma 2.8.1,
0 is a deep-I-dispersion point of E =

⋃
n∈N bnC. So, Ec ∈ TD. On the other

hand, 0 is not a dispersion point of f−1(E), since for every n ∈ N

m(f−1(E) ∩ (0, dn))
dn

≥ m(f−1(bnC) ∩ (0, dn))
dn

=
m(f−1

(
[an, bn] \

⋃
i∈N bnIi

)
∩ (0, dn))

dn

≥ 1
2
−

∞∑
i=1

δ

2i
=

1
2
− δ > 0.

Thus, f−1(Ec) �∈ TN and f �∈ CND.

Lemma 3.8.4. C ∩ CND = Const.

Proof. Evidently, Const ⊂ C ∩ CND. To prove the opposite inclusion, let
f ∈ C \Const. We will show that f �∈ CND by using Lemma 3.8.3. Let a < b be
such that f(a) �= f(b). We may assume that f(a) < f(b) and, by the continuity
of f , that f((a, b)) = (f(a), f(b)). We may also assume, by modifying f in a
linear way, if necessary, that f(a) = a = −1 and f(b) = b = 1. Then, we obtain
f(−1) = −1, f(1) = 1 and f((−1, 1)) = (−1, 1).

We construct, by induction on n ∈ N, the sequences: {an}, {bn}, {cn} and
{dn} of real numbers and sequences {In} and {Jn} of intervals. We start by
putting a0 = c0 = −1, b0 = d0 = 1 and I0 = [−1, 1]. Then we proceed inductively
to obtain the following conditions:

(a): In = [an, bn];
(b): f(cn) = an and f(dn) = bn;
(c): f((cn, dn)) = (an, bn);
(d): In ∈ {[an−1, (an−1 + bn−1)/2], [(an−1 + bn−1)/2, bn−1]};
(e): Jn = cl (In−1 \ In);
(f): m(f−1(Jn) ∩ [cn−1, dn−1]) ≥ (dn−1 − cn−1)/2.
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The inductive step is self-explanatory. First, select In as in (d) to satisfy
(f). If In = [an−1, (an−1 + bn−1)/2] then we put cn = cn−1 and dn = min{x ∈
[cn−1, dn−1] : f(x) = (an−1 + bn−1)/2}. In the other case, proceed similarly.

Let x ∈
⋂

n∈N[cn, dn]. Then, f(x) ∈
⋂

n∈N In. We may assume, translating f ,
if necessary, that x = 0 = f(x).

Evidently, m(In) = 2m(In+1). A simple argument shows that for every n ∈ N

either dist(Jn, Ij) ≥ m(Jn)/4 or dist(Jn+1, Ij) ≥ m(Jn+1)/4 for all j ≥ n + 2.
This allows us to choose a subsequence {nk} such that

dist(Jnk
, 0) ≥ m(Jnk

)/4(56)

for all k ∈ N. It is easy to assume that the subsequence {nk} is chosen in such a
way that the intervals {Jnk

} are monotone and on one side of 0. For simplicity,
assume that E =

⋃
k∈N Jnk

is a right interval set. Then, condition (56) implies
that minJnk

≥ (1/5) max Jnk
. Thus, the first of the assumptions from Lemma

3.8.3 is satisfied for the set E with c = 1/5. To finish the proof we will show
that the second part is satisfied as well.

First notice that for infinitely many k we have either

m(f−1(Jnk
) ∩ [0, dnk−1])

dnk−1
≥ m(f−1(Jnk

) ∩ [cnk−1, 0])
−cnk−1

(57)

or the converse inequality (where, 0/0 is considered to be 0.) Without loss of
generality we may assume that (57) holds for every k. But this, together with
(f), implies that

m(f−1(Jnk
) ∩ [0, dnk−1]) ≥ dnk−1/2.

Thus, the assumptions from Lemma 3.8.3 are satisfied and Lemma 3.8.4 has been
established.

The next lemma combines the proofs of the Theorems 1.4.2 and 3.5.2.

Lemma 3.8.5. CND ⊂ Baire*1.

Proof. Assume to the contrary that for some perfect set P the set

Z = {x ∈ P : f |P is not continuous at x}

is dense in P .
We will construct sequences: {xn}n∈N of points of P , {(an, bn)}n∈N of open

intervals, {Jn}n∈N of compact intervals, and {In}n∈N of open intervals having
the same midpoint as the corresponding Jn, and contained in that corresponding
Jn. The construction is inductive, and aimed at having all the objects obtained
satisfy the conditions (a) through (f) listed below.

Start by choosing x0 ∈ Z, (a0, b0) = (x0−1, x0 +1) and I0 = J0 = ∅. Assume
that for all n ∈ N and all i ∈ N, i ≤ n, it holds that:

(a): f(xi) ∈ Ii ⊂ Ji;



98 K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI

(b): Ji−1 ∩ Ji = ∅ and, for i > 2,

m(Ji) ≤
1
3

min{dist(Jk, Jk+1) : k ∈ N, k < i− 1};

(c): m(Ji) < ω(f |P , xi) and 0 < m(Ii) < 2−im(Ji);
(d): xi ∈ (ai, bi) ∩ Z ⊂ [ai, bi] ⊂ (ai−1, bi−1);
(e): (bi − ai) < 2−i; and,
(f): m(f−1(Ii) ∩ (ai, bi)) > (1− 2−i)(bi − ai).

To continue with the inductive step, note that by (c) and (d), we are able to
choose

y ∈ P ∩ f−1(Jc
n) ∩ (an, bn).

If y ∈ Z, then let xn+1 = y. Otherwise, f |P is continuous at y. In this case, the
fact that Z is dense in P guarantees the existence of

xn+1 ∈ P ∩ f−1(Jc
n) ∩ (an, bn) ∩ Z.

Because Jn is closed and xn+1 ∈ Z, there is a closed interval Jn+1 centered
at f(xn+1) such that

Jn+1 ∩ Jn = ∅, 0 < m(Jn+1) < ω(f |P , xn+1)

and, for i > 2,

m(Ji) ≤
1
3

min{dist(Jk, Jk+1) : k ∈ N, k < i− 1}.

If In+1 is the closed interval centered at f(xn+1) with length equal m(Jn+1)/2n+1,
it follows that (a), (b) and (c) are true with i = n+1. Next, use the approximate
continuity of f at xn+1 to find an interval (an+1, bn+1) ⊂ (an, bn) containing xn+1

such that (d), (e) and (f) are satisfied. The induction is complete.
Let

{x} =
⋂
n∈N

[an, bn] =
⋂
n∈N

([an, bn] ∩ Z) .

We show that there is an increasing sequence {ni}i∈N of natural numbers such
that

(1): f(x) is a deep-I-dispersion point of
⋃

i∈N Ini
, and

(2): x is not a dispersion point of f−1
(⋃

i∈N Ini

)
.

This implies that f �∈ CND.
First notice that x is not a dispersion point of f−1

(⋃
i∈N Ini

)
for every se-

quence {ni}i∈N as, by condition (f),

lim
i→∞

m(f−1(Ini) ∩ (ani , bni))
m((ani

, bni
))

= 1.

Condition (1) follows immediately from Lemma 3.5.3 for z = f(x) since (A),
(B) and (C) from the lemma follows from (b) and (c).

This finishes the proof of Lemma 3.8.5.
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Now, we are ready to finish the proof of Theorem 3.8.1.

Evidently, Const ⊂ CND. To prove the opposite inclusion, let f ∈ CND. By
Lemma 3.8.5 the set

U = int ({x ∈ R : f is continuous at x})

is dense. Let {(an, bn) : n ∈ N} be an enumeration of all components of U .
Notice that, by Lemma 3.8.4, f is constant on any interval (an, bn). Moreover,
f is approximately continuous, so f has the Darboux property. Hence, f is also
constant on any interval [an, bn]. This immediately implies that U c does not
have any isolated points; i.e., the set P = U c is perfect. We prove that P = ∅.

By way of contradiction, assume that P �= ∅ and use Lemma 3.8.5 for f and
P . Then, there is a nonempty portion Q = P ∩ (c, d) on which f is continuous.
The set P is nowhere dense, so there exists an n such that (c, d) ∩ (an, bn) �=
∅. Then, (c, d) ∪ (an, bn) is an interval properly containing (an, bn). We will
obtain a contradiction with the assumption that (an, bn) is a component of U by
showing that f is continuous on J = (c, d) ∪ (an, bn). So, let x ∈ J . If x ∈ U ,
then evidently f is continuous at x. If x ∈ P , then choose a sequence {xi}i∈N

converging to x and define

yi =
{

xi if xi ∈ P

ak for xi ∈ (ak, bk).

Then, yi ∈ P , f(xi) = f(yi) for i ∈ N and limi→∞ yi = x. Moreover,

lim
i→∞

f(xi) = lim
i→∞

f(yi) = f(x)

as f |P is continuous at x. Hence, f is continuous at x.
This finishes the proof of 3.8.1.

3.9. Historical and Bibliographic Notes

Homeomorphisms preserving I-density points were studied by Aversa and
Wilczyński [1]. In particular, they proved Lemma 3.2.4, Example 3.4.6 and the
equivalence of (i) and (ii) in Lemma 3.2.2. Because the rest of Lemma 3.2.2 is a
pure translation of their result, we can also attribute to them Proposition 3.1.7,
Corollary 3.4.4 and the part of Theorem 3.2.1 that concerns homeomorphisms.
The general form of Theorem 3.2.1 has been proved by Ciesielski and Larson in
[14].

All the results from Section 3.3 were proved by Ciesielski [9]. Ciesielski [10]
also proved the part of Theorem 3.8.2 which states that CND = Const. Es-
sentially all the other results from this Chapter were proved by Ciesielski and
Larson in papers [16, 17, 12, 15].

Lemma 3.1.3 is a compilation of Theorems 14.12 and 8.10 from [69].
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CHAPTER 4

Semigroups

In this chapter we examine the classes CII of I-density continuous functions
and CDD of deep-I-density continuous functions as semigroups with composition
as the operation. We also analyze some of their subsemigroups. In particu-
lar, we are interested in showing that the semigroups considered have the inner
automorphism property.

4.1. Preliminaries

For a topological space X, let S(X) be the set of all continuous selfmaps of
X; i.e., continuous functions f : X → X. If there is no topology defined on X,
then the discrete topology is used in the definition of S(X) so that S(X) = XX .

It is apparent that S(X) is a semigroup1 with composition as the oper-
ation. In particular, the classes CII = S((R, TI)), CDD = S((R, TD)) and
CNN = S((R, TN )) form semigroups.

For a semigroup G we denote by Aut(G) the group of all automorphisms of
G.

We say that a subsemigroup G of S(X) has the inner automorphism property,
if for every automorphism Ψ ∈ Aut(G) there is an h ∈ G such that Ψ(g) =
h ◦ g ◦ h−1 for every g ∈ G.

For a topological space X the property that S(X) has the inner automorphism
property is strongly related to the following definitions and facts.

Two topological spaces X and Y are said to belong to the same S-admissible
class if whenever there exists an isomorphism Φ : S(X) → S(Y ), then there
must exist a homeomorphism h : X → Y which induces Φ in the sense that
Φ(f) = h ◦ f ◦ h−1.

Of course, it is always true that the topology on a space X determines the
structure of S(X), but the converse need not be true. For example, let X = {0, 1}
and suppose T1 is the discrete topology on X and T2 = {X, ∅}. Then (X, T1)
is not homeomorphic to (X, T2), but S((X, T1)) = S((X, T2)) = XX . Within an

1By a semigroup we understand a set with a binary associative operation and an identity
element.

101
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S-admissible class, the algebraic structure of S(X) determines the topology on
X. For more information on this subject see Magill [44].

It is clear that a necessary condition for a space X to belong to any S-
admissible class is that S(X) must have the inner automorphism property.

The basis for studying the inner automorphism property of subsemigroups G

of S(X) is given by the following theorem of Schreier [59]. For completeness
sake, we include an easy proof.

Proposition 4.1.1. Let X be a set and let G be a subsemigroup of S(X) such
that every constant mapping is in G. Then, for every Ψ ∈ Aut(G) there exists a
unique bijection h of X such that Ψ(g) = h ◦ g ◦ h−1 for every g ∈ G.

Proof. For a ∈ X let fa ∈ S(X) be the constant function defined by fa(x) =
a. Choose an arbitrary x0 ∈ X and define h by h(a) = Ψ(fa)(x0) for a ∈ X.

We must prove that Ψ(g) = h ◦ g ◦ h−1 for every g ∈ G. So let us fix g ∈ G.
Then Ψ(g) = h ◦ g ◦ h−1 is equivalent to the fact that (Ψ(g) ◦h)(a) = (h ◦ g)(a);
i.e., Ψ(g)(h(a)) = h(g(a)) for every a ∈ X. But,

Ψ(g)(h(a)) = Ψ(g)(Ψ(fa)(x0))

= (Ψ(g) ◦Ψ(fa))(x0)

= Ψ(g ◦ fa)(x0)

= Ψ(fg(a))(x0)

= h(g(a)).

Thus, Ψ(g) = h ◦ g ◦ h−1 for every g ∈ G.
To prove the of uniqueness of h, assume that for some h1 ∈ S(X) we also have

Ψ(g) = h1 ◦ g ◦ h−1
1 for every g ∈ G. Then, for every a ∈ X,

h(a) = Ψ(fa)(x0) = (h1 ◦ fa ◦ h−1
1 )(x0) = h1(fa(h−1

1 (x0))) = h1(a),

because fa(h−1
1 (x0)) = a. This finishes the proof of Proposition 4.1.1.

Every semigroup considered in this chapter contains all constant functions.
In particular, if Ψ is an automorphism of a semigroup G ⊂ S(X) containing all
constant functions then the unique bijection h of X given by Proposition 4.1.1
for which Ψ(g) = h ◦ g ◦ h−1 for all g ∈ G is called the generating bijection of Ψ.

A topological space X is generated if it is T1 and the collection of complements
of level sets for its continuous selfmaps{(

f−1({x})
)c

: x ∈ X and f ∈ S(X)
}

forms a subbase for X. (Compare also [62].)
It is known that the class of all generated spaces is S–admissible [44, Theorem

2.3, p. 198]. In particular, there is the following.

Proposition 4.1.2. If a topological space X is generated, then S(X) has the
inner automorphism property.
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4.2. Density Continuous Functions

Let ∆ be the class of all differentiable functions from R to R. Extending this
notation, let ∆(N ) stand for the class of all approximately differentiable functions
and let ∆(N )

N be the class of all almost everywhere approximately differentiable
functions.

The classes defined above are connected to the class CNN of density continuous
functions by the following theorem.

Theorem 4.2.1. If Fm stands for the class of measurable functions, then

∆ ⊂ ∆(N ) ⊂ ∆(N )
N ⊂ Fm

∪ ∪ ∪ ∪
∆ ∩ CNN ⊂ ∆(N ) ∩ CNN ⊂ ∆(N )

N ∩ CNN ⊂ CNN

and all the inclusions are proper.

Proof. The inclusions are obvious. The vertical inclusions are proper be-
cause there is even a C∞ function which is not density continuous. (See Example
1.4.1.)
CNN �⊂ ∆(N )

N follows immediately from Example 1.4.5.
∆(N )

N ∩ CNN �⊂ ∆(N ) is proved by the function h(x) = |x|.
∆(N ) ∩ CNN �⊂ ∆ is easily justified by the function f defined by f(x) = 0 for

x ∈ Ec and

f(x) =
(x− an)2(x− bn)2

(bn − an)4

for x ∈ [an, bn] and n ∈ N, where E =
⋃

n∈N[an, bn] is a right interval set for
which 0 is a dispersion point.

The motivation for the study of the inner automorphism property of these
classes was taken from the following theorem of Magill [43].

Theorem 4.2.2. The semigroup ∆ of all differentiable functions has the inner
automorphism property.

Following this path, Ostaszewski [54] proved the following.

Theorem 4.2.3. The semigroups CNN , ∆(N )
N ∩ CNN , ∆(N ) ∩ CNN and ∆ ∩

CNN have the inner automorphism property.

Notice that in the above theorem the fact that CNN has the inner automor-
phism property cannot be deduced from Proposition 4.1.2, as the density topol-
ogy is not generated (Theorem 1.2.3(vii)). In fact, the real numbers equipped
with the density topology is the only example known to us of a completely reg-
ular topological space which is not generated such that the semigroup of its
continuous selfmaps has the inner automorphism property.

Theorem 4.2.3 is proved by showing the following facts: h is a generating bi-
jection of Ψ ∈ Aut(CNN )∪Aut(∆(N )

N ∩ CNN ) if, and only if, h, h−1 ∈ H∩CNN ⊂
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∆(N ), and h is a generating bijection of Ψ ∈ Aut(∆(N ) ∩ CNN )∪Aut(∆ ∩ CNN )
if, and only if, h, h−1 ∈ H ∩ CNN ∩ ∆. In particular, the observations listed
above allow us to identify the automorphisms of the function classes listed with
certain groups of homeomorphisms. This implies the following theorem.

Corollary 4.2.4. The following relations hold:

Aut(∆ ∩ CNN ) = Aut(∆(N ) ∩ CNN )

⊂ Aut(∆(N )
N ∩ CNN ) = Aut(CNN ),

and the inclusion is proper.

Theorems 4.2.2 and 4.2.3 imply that the classes ∆, ∆ ∩ CNN , ∆(N ) ∩ CNN ,
∆(N )

N ∩CNN and CNN have the inner automorphism property. For the remaining
three classes of Theorem 4.2.1 the question about their inner automorphism
property makes no sense because these classes do not form semigroups. For the
class ∆(N ) this is shown by Example 4.3.15. For the other two classes it follows
from the example below.

Example 4.2.5. There exist almost everywhere differentiable functions f and
g such that g ◦ f is not measurable. In particular, the classes ∆(N )

N and Fm are
not closed under composition.

Proof. Let P ⊂ R be any perfect nowhere dense set with positive measure,
S ⊂ P be nonmeasurable and let C be a Cantor set of measure 0. Let f be
a homeomorphism such that f−1(C) = P and let g = χ

S ◦ f−1. Then, f is
differentiable almost everywhere, as a homeomorphism and g is differentiable
almost everywhere, as g = χ

f(S) and f(S) ⊂ C has measure 0. On the other
hand, g◦f = χ

S◦f−1◦f = χ
S is not measurable, because S is nonmeasurable.

4.3. The I-approximate Derivative

In this section we introduce the notions of the I-approximate derivative and
the deep-I-approximate derivative as category analogues of the approximate
derivative and examine their properties.

We begin with the following definitions. A function f : R → R is said to be
I-approximately differentiable at the point x, if there exists a number D(I)f(x),
called the I-approximate derivative of f at x, such that for every ε > 0, x is an
I-density point of some Baire subset of{

t ∈ R :
f(t)− f(x)

t− x
∈

(
D(I)f(x)− ε,D(I)f(x) + ε

)}
.(58)

(Compare also [41] and [68, Definition 8].) Similarly, we say that f : R → R is
deep-I-approximately differentiable at a point x whenever there exists a number
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D(D)f(x), called the deep-I-approximate derivative of f at x, such that for every
ε > 0, x is a deep-I-density point of{

t ∈ R :
f(t)− f(x)

t− x
∈

(
D(D)f(x)− ε,D(D)f(x) + ε

)}
.(59)

If a function f : R → R is I-approximately differentiable at every point, then
it is said to be I-approximately differentiable. The definition of a (deep-I-
approximately differentiable) function is similar. The class of all I-approximately
differentiable (deep-I-approximately differentiable) functions is denoted by ∆(I)

(∆(D)).
The function f : R → R is I-approximately differentiable I-almost everywhere

(or deep-I-approximately differentiable I-almost everywhere) if there is a set
A ∈ I such that f is I-approximately differentiable (deep-I-approximately dif-
ferentiable) at every point of Ac. The class of all functions I-approximately dif-
ferentiable I-almost everywhere (deep-I-approximately differentiable I-almost
everywhere) is denoted by ∆(I)

I (∆(D)
I ).

To compare these classes we need the following facts.

Proposition 4.3.1. If a function f : R → R is I-approximately differentiable
(deep-I-approximately differentiable) at the point x then f is I-approximately
continuous (deep-I-approximately continuous) at x.

Proof. We prove this only for f being I-approximately differentiable at x.
The proof of the other case is essentially the same.

Let d = D(I)f(x) and choose ε > 0. We must prove that x is an I-density
point of the set {t ∈ R : |f(t) − f(x)| ∈ (−ε, ε)}. But, if we choose δ > 0 such
that δ (d− ε, d + ε) ⊂ (−ε, ε), then

{t ∈ R : |f(t)− f(x)| ∈ (−ε, ε)} ⊃

{t ∈ R : |t− x| < δ & |f(t)− f(x)| ∈ δ (d− ε, d + ε)} ⊃
{t ∈ R : |t− x| < δ & |f(t)− f(x)| ∈ |t− x| (d− ε, d + ε)} ={

t ∈ R :
|f(t)− f(x)|

|t− x| − d ∈ (−ε, ε)
}
∩ (x− δ, x + δ).

By the assumption, x is an I-density point of some Baire subset of the last set.
This finishes the proof.

Proposition 4.3.2. If f is I-approximately differentiable I-almost every-
where, then f is a Baire function.

Proof. This is an immediate consequence of Proposition 4.3.1 and Theorem
2.5.6.

Proposition 4.3.3. Let f be an I-approximately continuous function. Then
f is deep-I-approximately differentiable at x if, and only if, f is I-approximately
differentiable at x. In this case, D(I)f(x) = D(D)f(x).
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Proof. The only nontrivial part is to prove that the existence of D(I)f(x)
implies the existence of D(D)f(x). So assume that D(I)f(x) exists. We will
prove that D(D)f(x) exists. The proof is essentially the same as the proof of
Theorem 2.7.6.

Define g : R \ {x} → R by

g(t) =
f(t)− f(x)

t− x
.

It is easy to see that g is I-approximately continuous on R \ {x}. Let us choose
a < D(I)f(x) < b. We must prove that x is a deep-I-density point of

g−1((a, b)) =
{
t ∈ R :

f(t)− f(x)
t− x

∈ (a, b)
}

.

Let c < d be such that D(I)f(x) ∈ (c, d) ⊂ [c, d] ⊂ (a, b) and define E =
g−1([c, d]). Then, Ec \ {x} = g−1([c, d]c) ∈ TI . Moreover, x is an I-density
point of g−1((c, d)) ⊂ E and so x is a deep-I-density point of Ẽ and of Ẽ \ {x}
as well. But, Ẽ∩(Ec\{x}) ∈ I∩TI so Ec∩Ẽ\{x} = ∅; i.e., Ẽ\{x} ⊂ E. Hence,
x is a deep-I-density point of E ⊂ g−1((a, b)). This finishes the proof.

As an immediate corollary of Propositions 4.3.1 and 4.3.3 we obtain

Corollary 4.3.4. ∆ ⊆ ∆(D) = ∆(I) ⊆ ∆(D)
I ⊆ ∆(I)

I .

Because of Corollary 4.3.4 we need not work with the class ∆(D) and instead
concentrate on the classes

∆ ⊆ ∆(I) ⊆ ∆(D)
I ⊆ ∆(I)

I .

We will prove that the inclusions given above are proper. For this purpose it
will be convenient to construct the following example.

Example 4.3.5. For every a < b ≤ c < d there exists a C∞ I-density con-
tinuous and density continuous function f : R → [0, 1] such that f(x) = 0 for
x ∈ (a, d)c and f(x) = 1 for x ∈ [b, c]. (See Figure 4.6.)

Proof. It is sufficient to construct the portion of the function f which is
defined on the interval ((b+ c)/2,+∞), as the portion of it defined on (−∞, (b+
c)/2) can be obtained via symmetry. Also, without loss of generality, we can
assume that c = 0 and d = 1. In view of that, it is enough to show that there is
a C∞ deep-I-density continuous and density continuous function g : R → [0, 1]
such that

g(x) = 1 for x ≤ 0 and g(x) = 0 for x ≥ 1.(60)



I-DENSITY CONTINUOUS FUNCTIONS 107

1

a b c d

Figure 4.6. The function f from Example 4.3.5

To see this let h : [0, 1
2 ] → R be as in Example 3.6.1 such that h( 1

2 ) = 1
2 and let

us extend h by putting h(x) = 0 for x ≤ 0. Define

g1(x) = h

(
1
2
− x

)
− 1

2

for x ≥ 0 and put g1(x) = −g1(−x) for x ≤ 0. Then, it is easy to see that
g(x) = g1(x− 1

2 ) + 1
2 satisfies condition (60).

The previous example easily implies the existence of the following.

Example 4.3.6. There exists an approximately and I-approximately differ-
entiable, density continuous and I-density continuous function which is not con-
tinuous. In particular,

∆(N ) ∩∆(I) ∩ CNN ∩ CII �⊂ C.

Proof. Let E =
⋃

n∈N[an, dn] be an interval set for which 0 is both a dis-
persion and I-dispersion point. For each n, let fn be as in Example 4.3.5 with
[a, d] = [an, dn]. (The choice of b and c can be arbitrary.) Define f(x) = 0 on Ec

and f = fn on [an, dn]. The rest is obvious.

Now we are ready to prove

Theorem 4.3.7. The following containments are true:

∆ ⊂ ∆(I) ⊂ ∆(D)
I ⊂ ∆(I)

I .

Moreover, they are all proper.



108 K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI

Proof. ∆(I) �⊂ ∆ follows from Example 4.3.6.
∆(D)

I �⊂ ∆(I) is justified by the function f(x) = |x|.
∆(I)

I �⊂ ∆(D)
I is shown by the characteristic function χ

Q.

In what follows we will need also the following example.

Example 4.3.8. There exists a continuous, density continuous and I-density
continuous function f which is nowhere approximately and I-approximately dif-
ferentiable. In particular,

COO ∩ CNN ∩ CII �⊂ ∆(N )
N ∪∆(I)

I .

Proof. We begin by defining a version of the classical Peano area-filling
curve P : [0, 1] → [0, 1] × [0, 1]. To do this, a sequence of continuous paths
Pn : [0, 1] → [0, 1]× [0, 1] for n = 0, 1, . . . , are defined which converge uniformly
to P . This definition is facilitated by the following basic construction, which will
be referred to as BCP.

Given a square [a, b]× [c, d] with one of its diagonals a parametrized constant
speed path λ : [α, β] → [a, b] × [c, d], we construct a new path λ1 : [α, β] →
[a, b]× [c, d] as shown in Figure 4.7, where the speed of the new path is constant
and three times the speed of λ.

a b

d

a b

d

BCP

c c

Figure 4.7. Basic construction BCP.

Using symmetries, BCP can be applied to either of the two diagonals of any
square with either path orientation. Also, if ‖G‖∞ = supx |G(x)|, then it is clear
that

‖λ− λ′‖∞ ≤
√

(b− a)2 + (d− c)2(61)

for every λ′ : [α, β] → [a, b]× [c, d].
To construct the Peano curve, let P0(t) = (t, t) and define P1 by applying

BCP to P0. The image of P1 consists of a diagonal from each of the nine squares[
i

3
,
i + 1

3

]
×

[
j

3
,
j + 1

3

]
, i, j = 0, 1, 2.
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(See Figure 4.7 with a = c = 0 and b = d = 1.) Construct P2 by applying BCP
to each of the diagonals of these squares as shown in Figure 4.8.

a b

d

c

Figure 4.8. Construction of P2.

This process can be continued inductively in the obvious way to form the
sequence Pn, n ∈ N. From (61) it follows that

‖Pn − Pm‖∞ ≤
√

2 3−min(n,m).

This shows that Pn converges uniformly to P . It is also easy to see that the
image of P is a dense, compact subset of [0, 1] × [0, 1], so P is an area-filling
curve.

If P = (p1, p2), where pi : [0, 1] → [0, 1], i = 1, 2 are the coordinate functions
for P , then we claim f = p1 is a function satisfying the conditions of Example
4.3.8.

To see this, it might be helpful to see how f can be defined directly as a
uniformly convergent sequence of continuous functions fn : [0, 1] → [0, 1], where
each fn is the first coordinate of Pn. The first coordinate of BCP can be repre-
sented by the construction shown in Figure 4.9. A similar construction can be
done with either diagonal via an obvious reflection. This construction is denoted
BCX.

Notice that Figure 4.9(B) also represents f1 : [0, 1] → [0, 1], if we take a =
α = 0 and b = β = 1. To form f2 it is enough to apply BCX to each linear
segment of f1. Then, apply BCX to each linear segment of f2 to arrive at f3,
etc.

Evidently, f is continuous, as the first coordinate of the continuous function
P . Also, by Example 1.4.5, it is density continuous and nowhere approximately
differentiable.

In the rest of the proof, we will need the following easy observations.
The function P is self-similar in the sense that for every n ∈ N and every

i = 0, 1, . . . , 9n− 1, there exist l(i), r(i) ∈ {0, 1, . . . , 3n− 1} such that the image

P

([
i

9n
,
i + 1
9n

])
=

[
l(i)
3n

,
l(i) + 1

3n

]
×

[
r(i)
3n

,
r(i) + 1

3n

]
,(62)
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α
a

b

β α β
a

b

BCX

A B

Figure 4.9. Basic construction BCX.

and the path followed is a scaled and reflected copy of the entire path of P in
[0, 1]× [0, 1]. Since f is a first coordinate of P , condition (62) implies also that
for each integer i ∈ {0, 1, . . . , 9n−1}, there is an integer l(i) ∈ {0, 1, . . . , 3n−1}
such that

f

([
i

9n
,
i + 1
9n

])
=

[
l(i)
3n

,
l(i) + 1

3n

]
.(63)

Also notice the following easy geometrical fact.
For every t ∈ N, t > 1, and nonempty interval (a, b) ⊂ [0, 1] there are i, n ∈ N

such that

K =
[

i

tn
,
i + 1
tn

]
⊂ (a, b) and

m(K)
b− a

≥ 1
2t

(64)

To see this, let n be the smallest natural number such that 1/tn < (b− a)/2.
Thus, 2/tn−1 ≥ (b− a) and there exists i such that i/tn ∈ (a, (b+ a)/2). Hence,
K = [i/tn, (i+1)/tn] ⊂ (a, b) and m(K)/(b− a) ≥ (1/tn)/(2/tn−1) = 1/2t. This
finishes the proof of (64).

Notice that (63) implies f−1(E) is nowhere dense for every nowhere dense set
E. So,

f−1(E) ∈ I for every E ∈ I.

Thus, by Theorem 3.2.1, to show that f is I-density continuous it is enough to
prove that f is deep-I-density continuous.
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Let x ∈ [0, 1] and let A ⊂ R \ {f(x)} be a set such that f(x) is a deep-I-
density point of A. By Corollary 2.7.11, Ac is superporous at f(x). It must be
shown that x is a deep-I-dispersion point of (f−1(A))c; i.e., that (f−1(A))c is
superporous at x. This will be done with the aid of Lemma 2.4.2.

Let s = 1/9k ∈ (0, 1). We must find Ds > 0 and Rs ∈ (0, 1) such that
whenever 0 < D < Ds and an interval I ⊂ (x−D,x+D)\{x} with m(I)/D > s,
then there is an interval J ⊂ I ∩ f−1(A) with

m(J)
m(I)

> Rs.(65)

Let s′ = s/93. Using Lemma 2.4.2 with Ac and f(x), there exists Ds′ > 0
and Rs′ = 1/3l ∈ (0, 1) such that

• whenever 0 < D′ ≤ Ds′ and an interval

I ′ ⊂ (f(x)−D′, f(x) + D′) \ {f(x)}

with m(I ′)/D′ ≥ s′, then there is an interval J ′ ⊂ I ′ ∩A with

m(J ′)/m(I ′) > Rs′ .(66)

Let Ds > 0 be such that

|f(x)− f(y)| < Ds′ for |x− y| < Ds(67)

and let Rs = 1/9l+5. Let 0 < D < Ds and choose an interval I ⊂ (x −D,x +
D) \ {x} with m(I)/D > s. We will find an interval J ⊂ I ∩ f−1(A) with
m(J)/m(I) > Rs.

Assume that I ⊂ (x, x + D). The other case is similar.
Using (64), we can find I0 = [j/9n−1, (j + 1)/9n−1] ⊂ I such that

m(I0)
m(I)

≥ 1
18

.(68)

Moreover, using (62), it is easy to find I1 = [i/9n, (i + 1)/9n] ⊂ I0 such that
f(x) �∈ f(I1). Thus,

m(I1)
D

=
1
9

m(I0)
D

≥ 1
9

1
18

m(I)
D

>
s

93
= s′.

In particular, there exist p = (s′)−1 contiguous intervals I1, I2, . . . , Ip of length
1/9n, one of which is I1 and such that x ∈ I1 ∪ I2 ∪ . . . ∪ Ip.

Define

D′ = max{|f(x)− f(i/9n)|, |f(x)− f((i + 1)/9n)|} > 0

and I ′ = f(I1). By (67) we see that D′ < Ds and, by (62), f(i/9n) and
f((i+1)/9n) are the end points of I ′ so that I ′ ⊂ [f(x)−D′, f(x)+D′]\{f(x)}.
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Moreover, since x, i/9n, (i + 1)/9n ∈ I1 ∪ I2 ∪ . . . ∪ Ip then, by (63), we have

D′ ≤ m

f

 p⋃
j=1

Ij

 ≤
p∑

j=1

m(f(Ij)) = pm(I ′).

Hence,
m(I ′)
D′ ≥ m(I ′)

pm(I ′)
= p−1 = s′.

Thus, by (66), there is an interval J ′ ⊂ I ′ ∩A such that m(J ′)/m(I ′) > Rs′ .
Using (64), we can find an interval

J ′
1 = [j0/3m, (j0 + 1)/3m] ⊂ J ′

such that m(J ′
1)/m(J ′) ≥ 1/6 > 1/9. Hence,

m(J ′
1)

m(f(I1))
=

m(J ′
1)

m(I ′)
=

m(J ′
1)

m(J ′)
m(J ′)
m(I ′)

>
1
9
Rs′ =

1
3l+2

and J ′
1 = [j0/3m, (j0 +1)/3m] ⊂ f(I1) = f([i/9n, (i+1)/9n]). But now condition

(62) implies easily that there exists an interval J = [j/9m, (j + 1)/9m] ⊂ I1 =
[i/9n, (i + 1)/9n] such that f(J) = J ′

1 and

m(J)
m(I1)

>

(
1

3l+2

)2

=
1

9l+2
.

Hence, by (68),

m(J)
m(I)

≥ m(J)
18m(I0)

=
1
9

m(J)
18m(I1)

>
1
93

1
9l+2

= Rs.

Condition (65) is proved. This finishes the proof that f is I-density continuous.

To see that f is not I-approximately differentiable at a point x ∈ [0, 1] let
us do the following construction for each n ∈ N. Choose i ∈ N such that
x ∈ [i/9n, (i + 1)/9n]. Then, by (63), f([i/9n, (i + 1)/9n]) = [j/3n, (j + 1)/3n]
for some j ∈ N. It is also not difficult to see that condition (62) implies that{

f

([
9i

9n+1
,
9i + 1
9n+1

])
, f

([
9i + 8
9n+1

,
9i + 9
9n+1

])}

=
{[

3j
3n+1

,
3j + 1
3n+1

]
,

[
3j + 2
3n+1

,
3j + 3
3n+1

]}
.

This implies, in particular, that for every y ∈ [9i/9n+1, (9i + 1)/9n+1] and
y′ ∈ [(9i + 8)/9n+1, (9i + 9)/9n+1] we have

|f(y)− f(y′)|
|y − y′| ≥ 1/3n+1

1/9n
= 3n−1.

Hence, an easy geometrical argument implies that for one of the intervals

[9i/9n+1, (9i + 1)/9n+1] or [(9i + 8)/9n+1, (9i + 9)/9n+1],
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which we denote by [an, bn], we have x �∈ [an, bn] and

|f(y)− f(x)|
|y − x| ≥ 3n−1 for every y ∈ [an, bn].

But, by Lemma 2.2.6, x is not an I-dispersion point of
⋃

n∈N[an, bn]. Thus, for
every I-density open set U containing x, for every ε > 0 and n ∈ N there is an
y ∈ (x− ε, x + ε) ∩ U ∩

⋃
m>n[am, bm] for which

|f(y)− f(x)|
|y − x| ≥ 3n.

This implies that f is not I-approximately differentiable. Also notice that the
construction of the intervals [an, bn] given above also implies that f is not ap-
proximately differentiable. This finishes the proof of Example 4.3.8.

Notice that Proposition 4.3.3 immediately gives the following corollary.

Corollary 4.3.9. ∆(D)
I ∩ CDD = ∆(I)

I ∩ CDD and ∆(D)
I ∩ CII = ∆(I)

I ∩ CII .

Because of the corollary given above we no longer need consider the classes
∆(D)

I ∩ CII and ∆(D)
I ∩ CDD.

Now, we are ready to discuss the inclusions between the other classes.

Theorem 4.3.10. If Fc stands for the Baire functions, then

∆ ⊂ ∆(I) ⊂ ∆(I)
I ⊂ Fc

∪ ∪ ∪ ∪
∆ ∩ CDD ⊂ ∆(I) ∩ CDD ⊂ ∆(I)

I ∩ CDD ⊂ CDD
∪ ∪ ∪ ∪

∆ ∩ CII ⊂ ∆(I) ∩ CII ⊂ ∆(I)
I ∩ CII ⊂ CII

and all the inclusions are proper.

Proof. The inclusions are obvious.
The vertical inclusions are proper because ∆ ∩ CDD �⊂ CII (Example 3.6.3)

and ∆ �⊂ CDD (Corollary 3.2.6).
The fact that the horizontal inclusions are proper follows from ∆(I)∩CII �⊂ ∆

(Example 4.3.6), from ∆(I)
I ∩CII �⊂ ∆(I) which is proved by f(x) = |x| and from

CII �⊂ ∆(I)
I (Example 4.3.8).

This finishes the proof.

To prove the next theorem we need the following two lemmas. The first one is
a version of the chain rule. The analogous theorem for approximate derivatives
can be found in [53].

Lemma 4.3.11. Let f, g : R → R be functions such that for some x0, D(I)f(x0)
and D(I)g(f(x0)) both exist, then D(I)(g ◦ f)(x0) also exists and

D(I)(g ◦ f)(x0) = D(I)g(f(x0))D(I)f(x0).(69)
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Proof. First assume that D(I)g(f(x0)) > 0 and D(I)f(x0) > 0. Put z0 =
f(x0) and let u1, u2, v1, v2 be arbitrary positive numbers such that 0 < u1 <

D(I)f(x0) < u2 and 0 < v1 < D(I)g(z0) < v2. Then, there exist sets U, V ∈ TD,
x0 ∈ U , z0 ∈ V , such that

u1 ≤
f(x)− f(x0)

x− x0
≤ u2(70)

for all x ∈ U and

v1 ≤
g(z)− g(z0)

z − z0
≤ v2(71)

for all z ∈ V . Since, by Proposition 4.3.1, f is I-density continuous at x0, there
exists W ∈ TI such that x0 ∈ W ⊂ f−1(V ). If f(x0) is not an I-dispersion
point of f−1(f(x0)), then D(I)f(x0) = 0 contradicting our assumption. So, we
can assume that f(x) �= f(x0) for every x ∈ W , x �= x0. In particular, by (71),
for x ∈ W \ {x0} we have z = f(x) ∈ V \ {f(x0)} and

v1 ≤
g(f(x))− g(f(x0))

f(x)− f(x0)
≤ v2.(72)

Multiplying (70) by (72) gives

u1v1 <
g(f(x))− g(f(x0))

f(x)− f(x0)
f(x)− f(x0)

x− x0
< u2v2;

i.e.,

u1v1 <
g(f(x))− g(f(x0))

x− x0
< u2v2,

for every x ∈ U ∩W ∈ TI . But then,

u1v1 < D(I)g(f(x0))D(I)f(x0) < u2v2

where the numbers u1v1 and u2v2 can be chosen as close to the value of

D(I)g(f(x0))D(I)f(x0)

as desired. This implies (69).
The remaining cases, when D(I)g(f(x0)) ≤ 0 or D(I)f(x0) ≤ 0, are very

similar, modulo some little technical problems with the signs of the inequalities.
This finishes the proof.

Lemma 4.3.12. If f ∈ CDD ∩∆(I)
I and g ∈ ∆(I)

I , then g ◦ f ∈ ∆(I)
I .

Proof. Let A,B ∈ I be Fσ sets such that f is I-approximately differentiable
on Ac and g is I-approximately differentiable on Bc.

Let Ex = f−1(x) for every x ∈ R. Note that

Ẽx ⊂ Ex for every x ∈ R.(73)

This is true because any point y ∈ Ẽx is an I-density point of the set Ex on
which f is equal x. So f(y) = x. Hence, g ◦ f is I-approximately differentiable
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on every set Ẽx ∈ TI because g ◦ f is constant on this set. This implies that
g ◦ f is I-approximately differentiable on the set E =

⋃
x∈R Ẽx. Moreover, by

Lemma 4.3.11 the function g ◦f is also I-approximately differentiable on the set
D = Ac ∩ f−1(Bc).

To finish the proof it is enough to show that (D ∪ E)c ∈ I. But

(D ∪ E)c = Dc ∩ Ec =
[
A ∪ f−1(B)

]
∩ Ec ⊂ A ∪

(
f−1(B) \ E

)
,

so it is enough to show that P = f−1(B) \ E ∈ I.
By way of contradiction let us assume that P �∈ I. Then, there exists a

nontrivial closed interval I ⊂ P̃ . By Theorem 3.5.2, choosing a subinterval of I, if
necessary, we can assume that f is continuous on I. But (f |I)−1(B) = f−1(B)∩I

is residual in I, while B ∈ I. The only way it can happen for a continuous
function f |I is when (f |I)−1(F ) = f−1(F ) ∩ I �∈ I for some closed nowhere
dense set F ⊂ B. But this easily implies that there exists x ∈ F such that
(f |I)−1(x) = f−1(x)∩I has a nonempty interior. This yields a the contradiction
to the fact that

f−1(x) ∩ I ⊂ Ex ∩ P̃ ∈ I,

which follows from P ∩ Ẽx ⊂ P ∩ E = ∅. This finishes the proof.

As a corollary we obtain

Theorem 4.3.13. The classes ∆, CII , CDD, ∆ ∩ CII , ∆ ∩ CDD, ∆(I) ∩ CII ,
∆(I) ∩ CDD, ∆(I)

I ∩ CII and ∆(I)
I ∩ CDD are closed under composition. In par-

ticular, they form semigroups.

Proof. The classes ∆, CII and CDD are obviously closed under composition.
The classes ∆ ∩ CII and ∆ ∩ CDD form semigroups, as ∆ is closed under

composition.
For the classes ∆(I) ∩CII and ∆(I) ∩CDD the conclusion follows immediately

from Lemma 4.3.11, while for the classes ∆(I)
I ∩ CII and ∆(I)

I ∩ CDD it follows
from Lemma 4.3.12.

Problem 4.3.14. Are the classes ∆(D)
I and ∆(I)

I closed under composition?
If so, do they have the inner automorphism property?

We finish this section by showing that the remaining classes ∆(I) and Fc of
Theorem 4.3.10 are not closed under composition.

Example 4.3.15. There exists a C∞ function f and a function g which is
approximately differentiable and I-approximately differentiable such that g ◦ f is
neither approximately nor I-approximately continuous. In particular, the classes
∆(N ) and ∆(I) are not closed under composition.
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Proof. Let D =
⋃

n∈N[pn, qn] be a right interval set for which 0 is a disper-
sion and I-dispersion point. Let us define h : R → R by putting h(x) = 0 for
x ∈ Dc and

h(x) = une
(−(x−pn)−2−(x−qn)−2)

for x ∈ [pn, qn], where un are chosen in such a way that h(i)(x) ≤ 1/n for
x ∈ [pn, qn] and i ≤ n. Define f by f(x) =

∫ x

0
h(y) dy. It is easy to see that f

is C∞ and constant on each interval contained in Dc. Decreasing the constants
un, if necessary, we may also assume that limn→∞ f(pn+1)/f(pn) = 0.

Choose intervals (an, bn) centered at f(pn) such that 0 is a dispersion and
I-dispersion point of a right interval set E =

⋃
n∈N[an, bn]. Define g(x) = 0 for

x ∈ Ec and
g(x) = vne

(−(x−an)−2−(x−bn)−2)

for x ∈ (an, bn), where the vn are chosen in such a way that g(f(pn)) = 1. Then
g has derivatives of all orders at every point �= 0 and g constantly equals 0 on
Ec ∈ TI ∩ TN . Hence, g ∈ ∆(N ) ∩∆(I). On the other hand, g ◦ f = 1 on the set
Dc ∩ (0, q1) while, g ◦ f(0) = 0. Thus, g ◦ f �∈ ∆(N ) ∪∆(I).

Example 4.3.16. The class Fc is not closed under composition.

Proof. Let h be an embedding of the irrationals R \ Q into the Cantor set
C ⊂ [0, 1]. Put f(q) = 2 for q ∈ Q and f(x) = h(x) for x ∈ R\Q. Then, f ∈ Fc.
Moreover, let S ⊂ R \ Q be a set without the Baire property and let g be the
characteristic function of f(S); i.e., g = χ

f(S). Then g ∈ Fc, since f(S) ⊂ C

and g ◦ f = χ
S �∈ Fc.

4.4. Semigroups of I-density Continuous Functions

For the remainder of this section let E stand for any of the semigroups of
Theorem 4.3.13 except for ∆; e.g., for one of the classes CII , CDD, ∆ ∩ CII ,
∆ ∩ CDD, ∆(I) ∩ CII , ∆(I) ∩ CDD, ∆(I)

I ∩ CII or ∆(I)
I ∩ CDD. In particular,

∆ ∩ CII ⊂ E ⊂ CDD. We will show that these semigroups, with the possible
exception of ∆(I)

I ∩CII and ∆(I)
I ∩CDD, have the inner automorphism property.

We start with the following

Lemma 4.4.1. If h is a generating bijection of an automorphism Ψ of E, then
h is I-approximately continuous.

Proof. Let r ∈ R and ε > 0 be arbitrary. We will show that h is I-
approximately continuous at r.

Let f : R → R be as in Example 4.3.5 for a = h(r) − ε, b = c = h(r) and
d = h(r) + ε. Let g : R → R with g(x) = f(x) + h(r). It is easy to see that
g ∈ ∆ ∩ CII ⊂ E .

Ψ is an automorphism of E , thus there is an α ∈ E ⊂ CDD such that Ψ(α) = g.
We have h ◦α = g ◦ h. Note that h(α(r)) = g(h(r)) = f(h(r)) + h(r) = 1 + h(r).
Therefore, h(α(r)) �= h(r). But, h is a bijection, so α(r) �= r.
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The function α is deep-I-density continuous. Thus, there exists a set U ∈ TD
such that α(x) �= r for all x ∈ U . Then, for all x ∈ U , f(h(x)) + h(r) =
g(h(x)) = h(α(x)) �= h(r), which implies f(h(x)) �= 0; i.e., h(x) ∈ (a, c) =
(h(r)− ε, h(r) + ε). So |h(x)− h(r)| < ε for x ∈ U . This means precisely that h

is I-approximately continuous at r.

Corollary 4.4.2. If h is a generating bijection of an automorphism Ψ of E,
then h is a homeomorphism.

Proof. h is an I-approximately continuous bijection of R. Since h is also a
Darboux Baire one function, it must be a homeomorphism.

As a next step we need the following

Lemma 4.4.3. Let h : R → R be an increasing homeomorphism which is not
I-density continuous at 0. Then there exists a function f ∈ C∞ ∩ CII ⊂ E such
that h−1 ◦ f ◦ h is not deep-I-density continuous.

Proof. Without any loss of generality we may assume that h(0) = 0.
As h is a homeomorphism, h is also not deep-I-density continuous at 0. Again,

without any loss of generality we may further assume that h is not right deep-
I-density continuous at 0. The left-hand side argument is essentially the same.

Thus, there exists a right interval set E =
⋃

n∈N[an, bn] such that 0 is an
I-dispersion point of E, while 0 is not an I-dispersion point of

D =
⋃
n∈N

[h−1(an), h−1(bn)].

Using the definition of a deep-I-dispersion point, it is possible to choose se-
quences αn and βn such that h−1(an) < αn < βn < h−1(bn) for n ∈ N and 0 is
still not an I-dispersion point of

⋃
n∈N[αn, βn], while 0 is an I-dispersion point

of ⋃
n∈N

[h(αn), h(βn)] ⊂
⋃
n∈N

[an, bn].

For each n ∈ N, let fn ∈ CII ∩ C∞ be a function such that fn(x) = 0 for
x �∈ (an, bn) and fn(x) = 1 for x ∈ [h(αn), h(βn)]. This can be done by Example
4.3.5.

Define f(x) = 0 for x ∈ Ec and f(x) = cnfn(x) for x ∈ [an, bn] and n ∈ N,
where cn > 0 are choosen in such a way that

cnf
(i)
n (x) ≤ 1

n
for every x ∈ [an, bn] and i ≤ n

and

lim
n→∞

h−1(cn+1)
h−1(cn)

= 0.(74)

Then f is a C∞ function. It is also easy to see that f is I-density continuous,
because 0 is an I-dispersion point of E.
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On the other hand

T = h−1 ◦ f ◦ h

( ⋃
n∈N

(αn, βn)

)
=

⋃
n∈N

h−1 (cn) .

Now, by (74) and Lemma 2.1.6, it is apparent that there is a right interval
set containing T which has 0 as a deep-I-dispersion point, while 0 is not an
I-dispersion point of

⋃
n∈N[αn, βn]. Hence, h−1 ◦ f ◦ h is not deep-I-density

continuous.

Corollary 4.4.4. If h is a generating bijection of an automorphism of E,
then h and h−1 are I-density continuous homeomorphisms of R.

Proof. If h is a generating bijection for Ψ, then h−1 is a generating bijection
for Ψ−1. Thus, by Corollary 4.4.2, h and h−1 are the homeomorphisms of R.
So, by Lemma 4.4.3 they must be I-density continuous.

As an immediate corollary we obtain the following.

Theorem 4.4.5. The semigroups CII and CDD have the inner automorphism
property. Moreover,

Aut(CII) = Aut(CDD).

Let us notice also that we can also use Proposition 4.1.2 and Theorem 2.7.8(vii)
to conclude immediately that the class CDD has the inner automorphism prop-
erty. However, this argument does not work for CII .

To discuss the inner automorphism properties of the other semigroups we need
the following two lemmas.

Lemma 4.4.6. The operations ordinary diffferentiation, approximate differ-
entiation and I-approximate differentiation coincide on the class of all homeo-
morphisms. In other words, if f : R → R is a homeomorphism and x ∈ R then
f ′(x) = D(I)f(x) = D(N )f(x) whenever any of the three quantities in this equa-
tion exists.

Proof. There is no generality lost with the assumption that f is an increasing
homeomorphism, x = 0 and f(0) = 0. It is obvious that if f ′(0) exists, then
both the other derivatives exist and are equal to it. It suffices to show that if
D(I)f(0) or D(N )f(0) exists, then so does f ′(0).

So, suppose that D(I)f(0) exists, but f ′(0) fails to exist. At least one of the
four Dini derivatives of f at 0 must be unequal to D(I)f(0). So, for example,
assume there are constants M > m > 0 such that

D
+
f(0) > M > m > D(I)f(0) ≥ 0.

There must exist a sequence of numbers xn decreasing to 0 such that f(xn) >

Mxn for all n. Since f is nondecreasing, an elementary calculation shows that

f(x) > mx for all x from the interval [xn,Mxn/m].(75)
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Let E = {x : f(x) < mx}. By assumption, 0 is an I-density point of E. Consider
the sequence of sets

En =
m

Mxn
E.

An easy calculation with (75) shows that En∩ [m/M, 1] = ∅ for all n. Therefore,
lim infn→∞ En cannot be residual in (0, 1). Since m/Mxn increases monoton-
ically to infinity with n, this violates the fact that 0 is an I-density point of
E. This contradiction shows that D

+
f(0) = D(I)f(0). The arguments with the

other three Dini derivatives are essentially the same.
The proof in the case of the approximate derivative is similar.

It is interesting to note that the proof of Lemma 4.4.6 is true with almost no
change in the case of the generalized density topologies of Chapter 1, as long as
the underlying ideal contains no intervals.

Lemma 4.4.7. Let Ψ be an automorphism of ∆ ∩ CII , ∆ ∩ CDD, ∆(I) ∩ CII
or ∆(I)∩CDD and let h be its generating bijection. Then h is differentiable; i.e.,
h ∈ ∆.

Proof. It is already known that h is a homeomorphism. Thus h is differen-
tiable almost everywhere [7]. Let x0 be a point of differentiability of h and let
x ∈ R be any other point. Define f(t) = t + (x − x0). Then f ∈ ∆ ∩ CII , so
it belongs to any of the semigroups under consideration. For any positive δ we
have

h(x + δ)− h(x)
δ

=
h ◦ f(x0 + δ)− h ◦ f(x0)

δ
(76)

=
Ψ(f) ◦ h(x0 + δ)−Ψ(f) ◦ h(x0)

δ
.

If Ψ is an automorphism of either ∆ ∩ CII or ∆ ∩ CDD, then Ψ(f) is differ-
entiable, and since h is differentiable at x0, the quotient in (76) converges to
Ψ(f)′(h(x0))h′(x0).

If Ψ is an automorphism of either ∆(I) ∩ CII or ∆(I) ∩ CDD then Ψ(f) is I-
approximately differentiable. So, by Lemma 4.3.11, Ψ(f) ◦ h is I-approximately
differentiable at x0. Hence, condition (76) guarantees that D(I)h(x) exists and
is equal D(I)(Ψ(f)◦h)(x0). But, h is a homeomorphism. Thus, by Lemma 4.4.6,
h must be differentiable at x as well. This ends the proof.

As an immediate corollary we obtain

Theorem 4.4.8. The semigroups ∆∩CII , ∆∩CDD, ∆(I)∩CII and ∆(I)∩CDD
have the inner automorphism property. Moreover,

Aut(∆ ∩ CII) = Aut(∆ ∩ CDD) = Aut(∆(I) ∩ CII) = Aut(∆(I) ∩ CDD)

⊂ Aut(CII) = Aut(CDD)

and the inclusion is proper.
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We are not able to prove or disprove whether the semigroups ∆(I)
I ∩ CII

and ∆(I)
I ∩ CDD have the inner automorphism property. We proved that each

automorphism of ∆(I)
I ∩CII is generated by a homeomorphism h of the real line

so it must be differentiable almost everywhere. However, to be an element of
∆(I)

I ∩ CII , h would need to be differentiable outside of a set of first category.
In general, a homeomorphism of the real line need not be I-a.e. differentiable.
In fact, Belna, Cargo, Evans and Humke [3] show that there exists a strictly
increasing homeomorphism h : [0, 1] → [0, 1] and τ ∈ (0, 1) such that

D−h(x) = D+h(x) = τ and D
−
h(x) = D

+
h(x) = ∞

for a residual set of points x ∈ [0, 1]. On the other hand, there are certain
restrictions on the “severity” of the nondifferentiability of h on sets of the second
category. Neugebauer [49] shows that a continuous function f has D−f(x) =
D+f(x) and D

−
f(x) = D

+
f(x) on a residual set.

We are not able to find a satisfactory answer to our question. Therefore, the
following remains.

Problem 4.4.9. Let h be a homeomorphism of R such that for every I-density
continuous, I-a.e. I-approximately differentiable f , h ◦ f ◦ h−1 is also I-density
continuous, I-a.e. and I-approximately differentiable. Is h differentiable on a
residual set?

Clearly, an affirmative answer to this problem is equivalent to the fact that
∆(I)

I ∩ CII and ∆(I)
I ∩ CDD have the inner automorphism property.

4.5. Historical and Bibliographic Notes

The definition of generated space we are using can be found in Magill [44,
p. 198]. The term “generated space” was originally introduced by Warndof
[62] in 1969. However, the notion existed implicitly several years earlier. In
particular, the theorem that the class of all generated spaces is S-admissible can
be found in a 1962 paper of Shneperman [60]. The same result, or at least a
close approximation to it, was also proved by Gavrilov [27] in 1964, by Mal’cev
[45] in 1966 and by Magill [42] in 1967, each apparently unaware of the others’
work.

The I-approximate derivative was introduced in the early 1980’s by _Lazarow
and Wilczyński [41]. Lemma 4.4.6 is well-known in the case of the approximate
derivative [7, Theorem 2.4, p. 155] and was first stated without proof for the
I-approximate derivative by _Lazarow and Wilczyński [68, Theorem 38] while
citing [41]. Related results are contained in [39].

Proposition 4.3.3 was stated, without a proof, by the authors in [22]. This
paper also contains Theorems 4.2.1, 4.3.7, 4.3.10, 4.3.13, 4.4.5 and most of 4.4.8.
Lemmas 4.3.11, 4.4.1, 4.4.7, Propositions 4.3.1, 4.3.2 and Examples 4.2.5, 4.3.6
as well as weaker versions of Examples 4.3.5, 4.3.15 and Lemmas 4.4.3, 4.3.12
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are also presented in that paper. Example 4.3.8 appears there as a problem. It
was also published in [14].

Krzysztof Ciesielski, Department of Mathematics, West Virginia University,
Morgantown, West Virginia 26506-6310
Electronic Mail: kcies@wvnvms.wvnet.edu

Lee Larson, Department of Mathematics, University of Louisville, Louisville,
Kentucky 40292
Electronic Mail: lmlars01@ulkyvx.louisville.edu

Krzysztof Ostaszewski, Department of Mathematics, University of Louisville,
Louisville, Kentucky 40292
Electronic Mail: kmosta01@ulkyvx.louisville.edu



122 K. CIESIELSKI, L. LARSON AND K. OSTASZEWSKI



APPENDIX A

Notation

Sets

• R – the set of real numbers.
• Q – the set of rationals numbers.
• N – the set of natural numbers, N = {1, 2, 3, . . . }.

Algebras

• L – the σ-algebra of Lebesgue measurable subsets of R.
• B – the σ-algebra of subsets of R having the Baire property.

Operations on Sets

• A�B – the symmetric difference of the sets A and B, i.e.,
A�B = (A ∪B) \ (A ∩B).
• Ac – the complement of the set A.
• XY – the set of all functions f : X → Y .
• P(A) – the power set of A.
• a + E = E + a = {a + x ∈ R : x ∈ E} for a ∈ R, E ⊂ R.
• −a + E = E − a = {x− a ∈ R : x ∈ E} for a ∈ R, E ⊂ R.
• cE = Ec = {cx ∈ R : x ∈ E} for a ∈ R, E ⊂ R.
• int (A) – the interior of the set A ⊂ R, in the natural topology.
• cl (A) – the closure of a set A ⊂ R, in the natural topology.
• Ẽ – the unique regular open set for E ∈ B such that E�Ẽ ∈ I.
• mi(A) – the inner Lebesgue measure of the set A ⊂ R.
• mo(A) – the outer Lebesgue measure of the set A ⊂ R.
• m(A) – the Lebesgue measure of the measurable set A ⊂ R.
• dist(A,B) = inf{|x− y| : x ∈ A, y ∈ B} for A,B ⊂ R.
• card (A) – the cardinality of the set A.
• χA – the characteristic function of the set A ⊂ R.
• Aut(H) – the group of authomorphisms of the semigroup H.

123
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Ideals

• O = {∅}.
• Iω – the σ-ideal of countable subsets of R.
• N – the σ-ideal of subsets of R with Lebesgue measure 0.
• I0 – the ideal of nowhere dense subsets of R.
• I – the σ-ideal of the first category subsets of R.

Topologies

• TN – the density topology on R.
• TO – the natural topology on R.
• TQ – the qualitative topology on R.
• TI = P∗ – the I-density topology on R.
• TD = P – the deep-I-density topology on R.
• T ′′

J – the abstract J -density topology on R.

Function Classes

• Fm – the class of all measurable functions from R (or any subinterval)
to R.
• Fc – the class of all Baire functions from R (or any subinterval) to R.
• C – the class of all continuous functions from R (or any subinterval)
to R.
• ∆ – the class of all differentiable functions from R (or any
subinterval) to R.
• C1 – the class of all differentiable functions from R (or any
subinterval) to R whose derivatives are continuous.
• C∞ – the class of all infinitely many times differentiable functions
from R (or any subinterval) to R.
• A – the class of all analytic functions from R (or any subinterval) to
R.
• H – the class of all homeomorphisms from R (or any subinterval) to R

(or any subinterval).
• CJK – the class of all continuous functions f : (R, TJ ) → (R, TK).
• COO – the class of all ordinary continuous functions.
• CNO – the class of all approximately continuous functions.
• CNN – the class of all density continuous functions.
• CIO – the class of all I-approximately continuous functions.
• CDO – the class of all deep-I-approximately continuous functions.
• CII – the class of all I-density continuous functions.
• CDD – the class of all deep-I-density continuous functions.
• S(X) – the semigroup of all continuous functions f : X → X for a
topological space X.
• ∆(N ) – the class of all approximately differentiable functions from R
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(or any subinterval) to R.
• ∆(N )

N – the class of all real functions which are approximately
differentiable almost everywhere.
• ∆(I) – the class of all real functions which are I-approximately
differentiable.
• ∆(I)

I – the class of all real functions which are I-approximately
differentiable I-almost everywhere.
• ∆(D) – the class of all real functions which are deep-I-approximately
differentiable.
• ∆(D)

I – the class of all real functions which are deep-I-approximately
differentiable I-almost everywhere.
• DB1 – Darboux Baire 1 functions [7].
• DB∗

1 – Darboux Baire*1 functions.

Operations on Functions

• f |P – restriction of the function f to the set P .
• Df – the ordinary derivative of the function f .
• D(N )f – the approximate derivative of the function f .
• D(D)f – the deep-I-approximate derivative of the function f .
• D(I)f – the I-approximate derivative of the function f .
• ω(f, x) – the oscillation of the function f at the point x ∈ R (see [7]).
• %x& – the greatest integer function.
• D−f(x), D+f(x), D−f(x), D+f(x), f̄ ′(x), f

¯
′(x), f ′(x) – the lower left,

lower right, upper left, upper right, upper, lower, and ordinary
derivatives of the function f at the point x.
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